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新古典派最適成長モデル ― 1 ―― PB ―
1 　はじめに
ここでは，新古典派最適成長モデルを出来る
だけ，関数形を特定せずに（それが表題の
「オープン・モデル」の意味するところであ
る）解析的手法と位相図によって，展開するこ
とを考えてみる。多くの文献では新古典派最適
成長モデルは，効用関数および／あるいは生産
関数を特定化して，明示的に解を求めることで
その分析を進めている。たとえば Barro-Sala-i-
Martin［1］ なども例外ではない。しかしなが
ら，関数形を特定化することによって，その定
性的な性質が他の関数形を仮定した場合にも成
立するのか否か，が明らかでない。ここでは，
関数形の特定化を極力避けて，そのモデルの特
徴を分析することにしたい。
2 　モデル
ここでは，無限期間の連続的時間地平をも
つ，新古典派経済成長モデルを考える。生産物
の価格は 1 に基準化されており，海外部門なら
びに政府は捨象される。
2 . 1 　マクロ生産関数
以下では，Y（> 0 ）を集計された生産物，K
（> 0 ）を集計された資本ストック，L（> 0 ）
を労働投入量とする。マクロ生産関数はY＝F
（K；L）であらわされる。
マクロ生産関数については以下を仮定する。
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ҎԼͰ͸ɺY (> 0) Λूܭ͞Εͨੜ࢈෺ɺK(> 0) Λूܭ͞ΕͨࢿຊετοΫɺL(> 0) Λ࿑ಇ౤ೖྔͱ͢
ΔɻϚΫϩੜ࢈ؔ਺͸ Y = F (K,L) Ͱ͋ΒΘ͞ΕΔɻ
ϚΫϩੜ࢈ؔ਺ʹ͍ͭͯ͸ҎԼΛԾఆ͢Δɻ
F : R2++ −→ R++ ∈ C(2) (1)
F (K,L) > 0, FL(K,L) > 0 (2)
FKK(K,L) < 0 (3)
FLL( , ) < 0 (4)
FKL(K, ) FLK(K,L) > 0 (5)
F (θK, θL) = θF (K,L) ∀θ > 0 (6)
͜ΕΒ͸ɺҰൠతʹ࢖ΘΕΔԾఆͰ͋Ζ͏ɻಛʹ (1)͸ F ͕ 2֊࿈ଓศՄೳͰ͋Δ͜ͱ͓Αͼ (6)ࣜ͸ϚΫ
ϩੜ࢈ؔ਺ͷ 1࣍ಉ࣍ੑΛҙຯ͢Δɻ͜ͷੑ࣭Λར༻͠ɺk := K
L
ͱॻ͘͜ͱʹ͢Ε͹ɺϚΫϩੜ࢈ؔ਺͸Ұ
∗ ྲྀ௨ܦࡁେֶܦࡁֶ෦, e-mail: meguro@rku.ac.jp
1
　　　 ⑹
これらは，一般的に使われる仮定であろう。特
に⑴は F が 2 階連続微分可能であることおよ
び⑹式はマクロ生産関数の 1 次同次性を意味す
る。この性質を利用し，k:＝KLと書くことにす
れば，マクロ生産関数は一人あたり資本 k のみ
の関数として書きなおすことができる。
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ਓ͋ͨΓࢿຊ k ͷΈͷؔ਺ͱͯ͠ॻ͖ͳ͓͢͜ͱ͕Ͱ͖Δɻ
f(k) := F (K,L)
L
= F
(
K
L
, 1
)
(7)
(1)͔Β (6)ͷԾఆΑΓɺ͕࣍ै͏ɻ
f ′(k) > 0 (⇐⇒ FK > 0) (8)
f(k)− kf ′(k) > 0 (⇐⇒ FL > 0) (9)
f ′′(k) < 0 (⇐⇒ Fkk < 0) (10)
·ͨɺҰਓ͋ͨΓͷϚΫϩੜ࢈ؔ਺ f(·)࣍ͷΑ͏ͳԾఆΛઃ͚Δɻ
f(0) = 0, lim
k→0
f ′(k) = +∞, lim
k→∞
f ′(k) = 0. (11)
ޙΖͷ 2ͭͷ৚݅͸ɺInada ৚݅ͱݺ͹ΕΔɻ
͜ͷϞσϧͰ͸੓෎͓Αͼւ֎෦໳Λࣺ৅͢Δɻ͕ͨͬͯ͠ɺϚΫϩ࢈ग़ྔ Y ͸ຽؒফඅ C ͱຽؒૈ౤ࢿ
I ͱͯ͠ࢧग़͞ΕΔɻຽؒૈ౤ࢿ͸ࢿຊετοΫ K ͷ૿Ճ෼Λߏ੒͢Δɻ͔͠͠ɺࢿຊετοΫʹ͸ɺࢿຊ
ݮ໣͕͋ΓɺͦΕ͸ຖ೥ࢿຊετοΫͷҰఆ཰ͩͱ͠Α͏ɻͭ·Γɺ
I(t) = K˙(t) + δK (12)
͕੒Γཱͭͱ͍͏͜ͱͰ͋Δɻ͜͜Ͱ δ > 0͸ࢿຊͷݮ໣཰Ͱ͋Δɻ·ͨɺࢿຊετοΫ͸ t = 0ͷ࣌఺Ͱɺ
K(0) = K0 > 0͕ଘࡏ͢Δͱ͢Δɻ·ͨɺ࿑ಇऀ਺ L(t)͸Ұఆ཰ (η > 0)Ͱ૿͑Δͱ͠Α͏ɻ
L(t) = eηtL(0) i.e. L˙(t) = ηL(t) L(0) > 0 (13)
͜͜Ͱɺ࿑ಇྔͷॳظ஋ L(0)͸ॴ༩ͱ͢Δɻ
·ͨɺK˙(t)ͷఆٛʹΑΓ࣍ΛಘΔɻ
K˙(t) = dk(t)L(t)
dt
= k˙(t)L(t) + k(t)L˙(t) = k˙(t)L(t) + k(t)ηL(t) (14)
͜͜Ͱɺc := C
L
ͱදه͢Δ͜ͱʹ͢ΔͱɺY = C + I Λ࿑ಇऀҰਓ͋ͨΓͷλʔϜͰදͤ͹ɺ
f(k(t)) = k˙(t)− δk(t)− c(t) (15)
(14)ࣜΛɺ࿑ಇऀ 1ਓ͋ͨΓͷλʔϜʹ௚͠ɺ(15)Λߟྀ͢Δͱ࣍ͷࣜΛಘΔɻ
k˙(t) = f(k(t))− (δ + η)k(t)− c(t) (16)
͜Ε͸৽ݹయ೿ܦࡁ੒௕Ϟσϧʹ͓͚ΔҰਓ͋ͨΓࢿຊ k˙(t)ͷيಓΛද͢ඍ෼ํఔࣜͰ͋Δɻ
2.2 ফඅऀ
࣍ʹফඅऀͷޮ༻ʹ͍ͭͯ͸ɺҎԼͷΑ͏ͳઃఆΛ͢Δɻফඅऀ͸ tظʹফඅ͢Δ c(t)͔Βॠؒతޮ༻Λಘ
Δɻফඅऀͷ໨త͸ͦͷॠؒతޮ༻ͷকདྷʹΘͨͬͯͷׂҾݱࡏՁ஋ͷ࿨Λ࠷େԽ͢Δ͜ͱΛ໨తͱ͢Δɻॠ
2
　　　　 ⑺
⑴から⑹の仮定より，次が従う。
ਓ͋ͨΓࢿຊ k ͷΈͷؔ਺ͱͯ͠ॻ͖ͳ͓͢͜ͱ͕Ͱ͖Δɻ
f(k) := F (K,L)
L
= F
(
K
L
, 1
)
(7)
(1)͔Β (6)ͷԾఆΑΓɺ͕࣍ै͏ɻ
f ′(k) > 0 (⇐⇒ FK > 0) (8)
f(k)− kf ′(k) > 0 (⇐⇒ FL > 0) (9)
f ′′(k) < 0 (⇐⇒ Fkk < 0) (10)
·ͨɺҰਓ͋ͨΓͷϚΫϩੜ࢈ؔ਺ f(·)࣍ͷΑ͏ͳԾఆΛઃ͚Δɻ
f(0) = 0, lim
k→0
f ′(k) = +∞, lim
k→∞
f ′(k) = 0. (11)
ޙΖͷ 2ͭͷ৚݅͸ɺInada ৚݅ͱݺ͹ΕΔɻ
͜ͷϞσϧͰ ੓෎͓Αͼւ֎෦໳Λࣺ৅͢Δɻ͕ͨͬͯ͠ɺϚΫϩ࢈ग़ྔ Y ͸ຽؒফඅ C ͱຽؒૈ౤ࢿ
I ͱͯ͠ࢧग़͞ΕΔɻຽؒૈ౤ࢿ͸ࢿຊετοΫ K ͷ૿Ճ෼Λߏ੒͢Δɻ͔͠͠ɺࢿຊετοΫʹ͸ɺ ຊ
ݮ໣͕͋ΓɺͦΕ͸ຖ೥ࢿຊετοΫͷҰఆ཰ͩͱ͠Α͏ɻͭ·Γɺ
I(t) = K˙(t) + δK (12)
͕੒Γཱͭͱ͍͏͜ͱͰ͋Δɻ͜͜Ͱ δ > 0͸ࢿຊͷݮ໣཰Ͱ͋Δɻ·ͨɺࢿຊετοΫ͸ t = 0ͷ࣌఺Ͱɺ
K(0) = K0 > 0͕ଘࡏ͢ ͱ͢Δɻ·ͨɺ࿑ಇऀ਺ L(t)͸Ұఆ཰ (η > 0)Ͱ૿͑Δͱ͠Α͏ɻ
L(t) = eηtL(0) i.e. L˙(t) = ηL(t) L(0) > 0 (13)
͜͜Ͱɺ࿑ಇྔͷॳظ஋ L(0)͸ॴ༩ͱ͢Δɻ
·ͨɺK˙(t) ఆٛʹΑΓ࣍ΛಘΔɻ
K˙(t) = dk(t)L(t)
dt
= k˙(t)L(t) + k(t)L˙(t) = k˙(t)L(t) + k(t)ηL(t) (14)
͜͜Ͱɺc := C
L
ͱදه͢Δ͜ͱʹ͢ΔͱɺY = C + I Λ࿑ಇऀҰਓ͋ͨΓͷλʔϜͰදͤ͹ɺ
f(k(t)) = k˙(t)− δk(t)− c(t) (15)
(14)ࣜΛɺ࿑ಇऀ 1ਓ͋ͨΓͷλʔϜʹ௚͠ɺ(15)Λߟྀ͢Δͱ࣍ͷࣜΛಘΔɻ
k˙(t) = f(k(t))− (δ + η)k(t)− c(t) (16)
͜Ε͸৽ݹయ೿ܦࡁ੒௕Ϟσϧʹ͓͚ΔҰਓ͋ͨΓࢿຊ k˙(t)ͷيಓΛද͢ඍ෼ํఔࣜͰ͋Δɻ
2.2 ফඅऀ
࣍ʹফඅऀͷޮ༻ʹ͍ͭͯ͸ɺҎԼͷΑ͏ͳઃఆΛ͢Δɻফඅऀ͸ tظʹফඅ͢Δ c(t)͔Βॠؒతޮ༻Λಘ
Δɻ ໨త͸ͦͷॠؒతޮ༻ কདྷʹΘͨͬͯͷׂҾݱࡏՁ஋ͷ࿨Λ࠷େԽ͢Δ͜ͱΛ໨ ͱ͢Δɻॠ
2
　　 ⑻
ਓ͋ͨΓࢿຊ k ͷΈͷؔ਺ͱͯ͠ॻ͖ͳ͓͢͜ͱ͕Ͱ͖Δɻ
f(k) := F (K,L)
L
= F
(
K
L
, 1
)
(7)
(1)͔Β (6)ͷԾఆΑΓɺ͕࣍ै͏ɻ
f ′(k) > 0 (⇐⇒ FK > 0) (8)
f(k)− kf ′(k) > 0 (⇐⇒ FL > 0) (9)
f ′′(k) < 0 (⇐⇒ Fkk < 0) (10)
·ͨɺҰਓ͋ͨΓͷϚΫϩੜ࢈ؔ਺ f(·)࣍ͷΑ͏ͳԾఆΛઃ͚Δɻ
f(0) = 0, lim
k→0
f ′(k) = +∞, lim
k→∞
f ′(k) = 0. (11)
ޙΖͷ 2ͭͷ৚݅͸ɺInada ৚݅ͱݺ͹ΕΔɻ
͜ͷϞσϧͰ͸੓෎͓Αͼւ֎෦໳Λࣺ৅͢Δɻ͕ͨͬͯ͠ɺϚΫϩ࢈ग़ྔ Y ͸ຽؒফඅ C ͱຽؒૈ౤ࢿ
I ͱͯ͠ࢧग़͞ΕΔɻຽؒૈ౤ࢿ͸ࢿຊετοΫ K ͷ૿Ճ෼Λߏ੒͢Δɻ͔͠͠ɺࢿຊετοΫʹ͸ɺࢿຊ
ݮ໣͕͋ΓɺͦΕ͸ຖ೥ࢿຊετοΫͷҰఆ཰ͩͱ͠Α͏ɻͭ·Γɺ
I(t) = K˙(t) + δK (12)
͕੒Γཱͭͱ͍͏͜ͱͰ͋Δɻ͜͜Ͱ δ > 0͸ࢿຊͷݮ໣཰Ͱ͋Δɻ·ͨɺࢿຊετοΫ͸ t = 0ͷ࣌఺Ͱɺ
K(0) = K0 > 0͕ଘࡏ͢Δͱ͢Δɻ·ͨɺ࿑ಇऀ਺ L(t)͸Ұఆ཰ (η > 0)Ͱ૿͑Δͱ͠Α͏ɻ
L(t) = eηtL(0) i.e. L˙(t) = ηL(t) L(0) > 0 (13)
͜͜Ͱɺ࿑ಇྔͷॳظ஋ L(0)͸ॴ༩ͱ͢Δɻ
·ͨɺK˙(t)ͷఆٛʹΑΓ࣍ΛಘΔɻ
K˙(t) = dk(t)L(t)
dt
= k˙(t)L(t) + k(t)L˙(t) = k˙(t)L(t) + k(t)ηL(t) (14)
͜͜Ͱɺc := C
L
ͱදه͢Δ͜ͱʹ͢ΔͱɺY = C + I Λ࿑ಇऀҰਓ͋ͨΓͷλʔϜͰදͤ͹ɺ
f(k(t)) = k˙(t)− δk(t)− c(t) (15)
(14)ࣜΛɺ࿑ಇऀ 1ਓ͋ͨΓͷλʔϜʹ௚͠ɺ(15)Λߟྀ͢Δͱ࣍ͷࣜΛಘΔɻ
k˙(t) = f(k(t))− (δ + η)k(t)− c(t) (16)
͜Ε͸৽ݹయ೿ܦࡁ੒௕Ϟσϧʹ͓͚ΔҰਓ͋ͨΓࢿຊ k˙(t)ͷيಓΛද͢ඍ෼ํఔࣜͰ͋Δɻ
2.2 ফඅऀ
࣍ʹফඅऀͷޮ༻ʹ͍ͭͯ͸ɺҎԼͷΑ͏ͳઃఆΛ͢Δɻফඅऀ͸ tظʹফඅ͢Δ c(t)͔Βॠؒతޮ༻Λಘ
Δɻফඅऀͷ໨త͸ͦͷॠؒతޮ༻ͷকདྷʹΘͨͬͯͷׂҾݱࡏՁ஋ͷ࿨Λ࠷େԽ͢Δ͜ͱΛ໨తͱ͢Δɻॠ
2
　　 ⑼
ਓ͋ͨΓࢿຊ k ͷΈͷؔ਺ͱͯ͠ॻ͖ͳ͓͢͜ͱ͕Ͱ͖Δɻ
f(k) := F (K,L)
L
= F
(
K
L
, 1
)
(7)
(1)͔Β (6)ͷԾఆΑΓɺ͕࣍ै͏ɻ
f ′(k) > 0 (⇐⇒ FK > 0) (8)
f(k)− kf ′(k) > 0 (⇐⇒ FL > 0) (9)
f ′′(k) < 0 (⇐⇒ Fkk < 0) (10)
·ͨɺҰਓ͋ͨΓͷϚΫϩੜ࢈ؔ਺ f(·)࣍ͷΑ͏ͳԾఆΛઃ͚Δɻ
f(0) = 0, lim
k→0
f ′(k) = +∞, lim
k→∞
f ′(k) = 0. (11)
ޙΖͷ 2ͭͷ৚݅͸ɺInada ৚݅ͱݺ͹ΕΔɻ
͜ͷϞσϧͰ͸੓෎͓Αͼւ֎෦໳Λࣺ৅͢Δɻ͕ͨͬͯ͠ɺϚΫϩ࢈ग़ྔ Y ͸ຽؒফඅ C ͱຽؒૈ౤ࢿ
I ͱͯ͠ࢧग़͞ΕΔɻຽؒૈ౤ࢿ͸ࢿຊετοΫ K ͷ૿Ճ෼Λߏ੒͢Δɻ͔͠͠ɺࢿຊετοΫʹ͸ɺࢿຊ
ݮ໣͕͋ΓɺͦΕ͸ຖ೥ࢿຊετοΫͷҰఆ཰ͩͱ͠Α͏ɻͭ·Γɺ
I(t) = K˙(t) + δK (12)
͕੒Γཱͭͱ͍͏͜ͱͰ͋Δɻ͜͜Ͱ δ > 0͸ࢿຊͷݮ໣཰Ͱ͋Δɻ·ͨɺࢿຊετοΫ͸ t = 0ͷ࣌఺Ͱɺ
K(0) = K0 > 0͕ଘࡏ͢Δͱ͢Δɻ·ͨɺ࿑ಇऀ਺ L(t)͸Ұఆ཰ (η > 0)Ͱ૿͑Δͱ͠Α͏ɻ
L(t) = eηtL(0) i.e. L˙(t) = ηL(t) L(0) > 0 (13)
͜͜Ͱɺ࿑ಇྔͷॳظ஋ L(0)͸ॴ༩ͱ͢Δɻ
·ͨɺK˙(t)ͷఆٛʹΑΓ࣍ΛಘΔɻ
K˙(t) = dk(t)L(t)
dt
= k˙(t)L(t) + k(t)L˙(t) = k˙(t)L(t) + k(t)ηL(t) (14)
͜͜Ͱɺc := C
L
ͱදه͢Δ͜ͱʹ͢ΔͱɺY = C + I Λ࿑ಇऀҰਓ͋ͨΓͷλʔϜͰදͤ͹ɺ
f(k(t)) = k˙(t)− δk(t)− c(t) (15)
(14)ࣜΛɺ࿑ಇऀ 1ਓ͋ͨΓͷλʔϜʹ௚͠ɺ(15)Λߟྀ͢Δͱ࣍ͷࣜΛಘΔɻ
k˙(t) = f(k(t))− (δ + η)k(t)− c(t) (16)
͜Ε͸৽ݹయ೿ܦࡁ੒௕Ϟσϧʹ͓͚ΔҰਓ͋ͨΓࢿຊ k˙(t)ͷيಓΛද͢ඍ෼ํఔࣜͰ͋Δɻ
2.2 ফඅऀ
࣍ʹফඅऀͷޮ༻ʹ͍ͭͯ͸ɺҎԼͷΑ͏ͳઃఆΛ͢Δɻফඅऀ͸ tظʹফඅ͢Δ c(t)͔Βॠؒతޮ༻Λಘ
Δɻফඅऀͷ໨త͸ͦͷॠؒతޮ༻ͷকདྷʹΘͨͬͯͷׂҾݱࡏՁ஋ͷ࿨Λ࠷େԽ͢Δ͜ͱΛ໨తͱ͢Δɻॠ
2
　　 ⑽
また，一人あたりのマクロ生産関数 f（･）次の
ような仮定を設ける。
ਓ͋ͨΓࢿຊ k ͷΈͷؔ਺ͱͯ͠ॻ͖ͳ͓͢͜ͱ͕Ͱ͖Δɻ
f(k) := F (K,L)
L
= F
(
K
L
, 1
)
(7)
(1)͔Β (6)ͷԾఆΑΓɺ͕࣍ै͏ɻ
f ′(k) > 0 (⇐⇒ FK > 0) (8)
f(k)− kf ′(k) > 0 (⇐⇒ FL > 0) (9)
f ′′(k) < 0 (⇐⇒ Fkk < 0) (10)
·ͨɺҰਓ͋ͨΓͷϚΫϩੜ࢈ؔ਺ f(·)࣍ͷΑ͏ͳԾఆΛઃ͚Δɻ
f(0) = 0, lim
k→0
f ′(k) = +∞, lim
k→∞
f ′(k) = 0. (11)
ޙΖͷ 2ͭͷ৚݅͸ɺInada ৚݅ͱݺ͹ΕΔɻ
͜ͷϞσϧͰ͸੓෎͓Αͼւ֎෦໳Λࣺ৅͢Δɻ͕ͨͬͯ͠ɺϚΫϩ࢈ग़ྔ Y ͸ຽؒফඅ C ͱຽؒૈ౤ࢿ
I ͱͯ͠ࢧग़͞ΕΔɻຽؒૈ౤ࢿ͸ࢿຊετοΫ K ͷ૿Ճ෼Λߏ੒͢Δɻ͔͠͠ɺࢿຊετοΫʹ͸ɺࢿຊ
ݮ໣͕͋ΓɺͦΕ͸ຖ೥ࢿຊετοΫͷҰఆ཰ͩͱ͠Α͏ɻͭ·Γɺ
I(t) = K˙(t) + δK (12)
͕੒Γཱͭ ͍͏͜ͱͰ͋Δɻ͜͜Ͱ δ > 0͸ࢿຊͷݮ໣ Ͱ͋Δɻ·ͨɺࢿຊετοΫ͸ t = 0ͷ࣌఺Ͱɺ
(0) = K0 > 0͕ଘࡏ͢Δͱ͢Δɻ·ͨɺ࿑ಇऀ਺ L(t)͸Ұఆ཰ (η > 0)Ͱ૿͑Δͱ͠Α͏ɻ
L(t) = eηtL(0) i.e. L˙(t) = ηL(t) L(0) > 0 (13)
͜͜Ͱɺ࿑ಇྔͷॳظ஋ L(0)͸ॴ༩ͱ͢Δɻ
·ͨɺK˙(t)ͷఆٛʹΑΓ࣍ΛಘΔɻ
K˙(t) = dk(t)L(t)
dt
= k˙(t)L(t) + k(t)L˙(t) = k˙(t)L(t) + k(t)ηL(t) (14)
͜͜Ͱɺc := C
L
ͱදه͢Δ͜ ʹ͢ΔͱɺY = C + I Λ࿑ಇऀҰਓ͋ͨΓͷλʔϜͰදͤ͹ɺ
f( (t)) = ˙ (t) δk(t)− c(t) (15)
(14)ࣜΛɺ࿑ಇऀ 1ਓ͋ͨΓͷλʔϜʹ௚͠ɺ(15)Λߟྀ͢Δͱ࣍ͷࣜΛಘΔɻ
k˙(t) = f(k(t))− (δ + η)k(t)− c(t) (16)
͜Ε͸৽ݹయ೿ܦࡁ੒௕Ϟσϧʹ͓͚ΔҰਓ͋ͨΓࢿຊ k˙(t)ͷيಓΛද͢ඍ෼ํఔࣜͰ͋Δɻ
2.2 ফඅऀ
࣍ʹফඅऀͷޮ༻ʹ͍ͭͯ͸ɺҎԼͷΑ͏ͳઃఆΛ͢Δɻফඅऀ͸ tظʹফඅ͢Δ c(t)͔Βॠؒతޮ༻Λಘ
Δɻফඅऀͷ໨త͸ͦͷॠؒతޮ༻ͷকདྷʹΘͨͬͯͷׂҾݱࡏՁ஋ͷ࿨Λ࠷େԽ͢Δ͜ Λ໨తͱ͢Δɻॠ
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ਓ͋ͨΓࢿຊ k ͷΈͷؔ਺ͱͯ͠ॻ͖ͳ͓͢͜ͱ͕Ͱ͖Δɻ
f(k) := F (K,L)
L
= F
(
K
L
, 1
)
(7)
(1)͔Β (6)ͷԾఆΑΓɺ͕࣍ै͏ɻ
f ′(k) > 0 (⇐⇒ FK > 0) (8)
f(k)− kf ′(k) > 0 (⇐⇒ FL > 0) (9)
f ′′(k) < 0 (⇐⇒ Fkk < 0) (10)
·ͨɺҰਓ͋ͨΓͷϚΫϩੜ࢈ؔ਺ f(·)࣍ͷΑ͏ͳԾఆΛઃ͚Δɻ
f(0) = 0, lim
k→0
f ′(k) = +∞, lim
k→∞
f ′(k) = 0. (11)
ޙΖͷ 2ͭͷ৚݅͸ɺInada ৚݅ͱݺ͹ΕΔɻ
͜ͷϞσϧͰ͸੓෎͓Αͼւ֎෦໳Λࣺ৅͢Δɻ͕ͨͬͯ͠ɺϚΫϩ࢈ग़ྔ Y ͸ຽؒফඅ C ͱຽؒૈ౤ࢿ
I ͱͯ͠ࢧग़͞ΕΔɻຽؒૈ౤ࢿ͸ࢿຊετοΫ K ͷ૿Ճ෼Λߏ੒͢Δɻ͔͠͠ɺࢿຊετοΫʹ͸ɺࢿຊ
ݮ໣͕͋ΓɺͦΕ͸ຖ೥ࢿຊετοΫͷҰఆ཰ͩͱ͠Α͏ɻͭ·Γɺ
I(t) = K˙(t) + δK (12)
͕੒Γཱͭͱ͍͏͜ͱͰ͋Δɻ͜͜Ͱ δ > 0͸ࢿຊͷݮ໣཰Ͱ͋Δɻ·ͨɺࢿຊετοΫ͸ t = 0ͷ࣌఺Ͱɺ
K(0) = K0 > 0͕ଘࡏ͢Δͱ͢Δɻ·ͨɺ࿑ಇऀ਺ L(t)͸Ұఆ཰ (η > 0)Ͱ૿͑Δͱ͠Α͏ɻ
L(t) = eηtL(0) i.e. L˙(t) = ηL(t) L(0) > 0 (13)
͜͜Ͱɺ࿑ಇྔͷॳظ஋ L 0 ͸ॴ༩ͱ͢Δɻ
·ͨɺK˙(t)ͷఆٛʹΑΓ࣍ΛಘΔɻ
K˙(t) = dk(t)L(t)
dt
= k˙(t)L(t) + k(t)L˙(t) = k˙(t)L(t) + k(t)ηL(t) (14)
͜͜Ͱɺc := C
L
ͱදه͢Δ͜ͱʹ͢ΔͱɺY = C + I Λ࿑ಇऀҰਓ͋ͨΓͷλʔϜͰදͤ͹ɺ
f(k(t)) = k˙(t)− δk(t)− c(t) (15)
(14)ࣜΛɺ࿑ಇऀ 1ਓ͋ͨΓͷλʔϜʹ௚͠ɺ(15)Λߟྀ͢Δͱ࣍ͷࣜΛಘΔɻ
k˙(t) = f(k(t))− (δ + η)k(t)− c (16)
͜Ε͸৽ݹయ೿ܦࡁ੒௕Ϟσϧʹ͓͚ΔҰਓ͋ͨΓࢿຊ k˙(t)ͷيಓΛද͢ඍ෼ํఔࣜͰ͋Δɻ
2.2 ফ
࣍ʹফඅऀͷޮ༻ʹ͍ͭͯ͸ɺҎԼͷΑ͏ͳઃఆΛ͢Δɻফඅऀ͸ tظʹফඅ͢Δ c(t)͔Βॠؒతޮ༻Λಘ
Δɻফඅऀͷ໨త͸ͦͷॠؒతޮ༻ͷকདྷʹΘͨͬͯͷׂҾݱࡏՁ஋ͷ࿨Λ࠷େԽ͢Δ͜ͱΛ໨తͱ͢Δɻॠ
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　⑾
後ろの 2 つの条件は，Inada条件と呼ばれる。
このモデルでは政府および海外部門を捨象す
る。したがって，マクロ産出量Yは民間消費C
と民間粗投資 I として支出される。民間粗投資
は資本ストックKの増加分を構成する。しか
し，資本ストックには，資本減耗があり，それ
は毎年資本ストックの一定率だとしよう。つま
り，
ਓ͋ͨΓࢿຊ k ͷΈͷؔ਺ͱͯ͠ॻ͖ͳ͓͢͜ͱ͕Ͱ͖Δɻ
f(k) := F (K,L)
L
= F
(
L
, 1
)
(7)
(1)͔Β (6)ͷԾఆΑ ɺ͕࣍ै͏ɻ
f ′(k) > 0 (⇐⇒ FK > 0) (8)
f(k)− kf ′(k) > 0 (⇐⇒ FL > 0) (9)
f ′′(k) < 0 (⇐⇒ Fkk < 0) (10)
·ͨɺҰਓ͋ͨΓͷϚΫϩੜ࢈ؔ਺ f(·)࣍ͷΑ͏ͳԾఆΛઃ͚Δɻ
f(0) = 0, lim
k→0
f ′(k) = +∞, lim
k→∞
f ′(k) = 0. (11)
ޙΖͷ 2ͭͷ৚݅͸ɺInada ৚݅ͱݺ͹ΕΔɻ
͜ͷϞσϧͰ͸੓෎͓Αͼւ֎෦໳Λࣺ৅͢Δɻ͕ͨͬͯ͠ɺϚΫϩ࢈ग़ྔ Y ͸ຽؒফඅ C ͱຽؒૈ౤ࢿ
I ͱͯ͠ࢧग़͞ΕΔɻຽؒૈ౤ࢿ͸ࢿຊετοΫ K ͷ૿Ճ෼Λߏ੒͢Δɻ͔͠͠ɺࢿຊετοΫʹ͸ɺࢿຊ
ݮ໣͕͋ΓɺͦΕ͸ຖ೥ࢿຊετοΫͷҰఆ཰ͩͱ͠Α͏ɻͭ·Γɺ
I(t) = K˙(t) + δK (12)
͕੒Γཱͭͱ͍͏͜ͱͰ͋Δɻ͜͜Ͱ δ > 0͸ࢿຊͷݮ໣཰Ͱ͋Δɻ·ͨɺࢿຊετοΫ͸ t = 0ͷ࣌఺Ͱɺ
K(0) = K0 > 0͕ଘࡏ͢Δͱ͢Δɻ·ͨɺ࿑ಇऀ਺ L(t)͸Ұఆ཰ (η > 0)Ͱ૿͑Δͱ͠Α͏ɻ
L(t) = eηtL(0) i.e. L˙(t) = ηL(t) L(0) > 0 (13)
͜͜Ͱɺ࿑ಇྔͷॳظ஋ (0)͸ॴ༩ͱ͢Δɻ
·ͨɺK˙(t)ͷఆٛʹΑΓ࣍ΛಘΔɻ
K˙(t) = dk(t)L(t)
dt
= k˙(t)L(t) + k(t)L˙(t) = k˙(t)L(t) + k(t)ηL(t) (14)
͜͜Ͱɺc := C
L
ͱදه͢Δ͜ͱʹ͢ΔͱɺY = C + I Λ࿑ಇऀҰਓ͋ͨΓͷλʔϜͰදͤ͹ɺ
f(k(t)) = k˙(t)− δk(t)− c(t) (15)
(14)ࣜΛɺ࿑ಇऀ 1ਓ͋ͨΓͷλʔϜʹ௚͠ɺ(15)Λߟྀ͢Δͱ࣍ͷࣜΛಘΔɻ
k˙(t) = f(k(t))− (δ + η)k(t)− c(t) (16)
͜Ε͸৽ݹయ೿ܦࡁ੒௕Ϟσϧʹ͓͚ΔҰਓ͋ͨΓࢿຊ k˙(t)ͷيಓΛද͢ඍ෼ํఔࣜͰ͋Δɻ
2.2 ফඅऀ
࣍ʹফඅऀͷޮ༻ʹ͍ͭͯ͸ɺҎԼͷΑ͏ͳઃఆΛ͢Δɻফඅऀ͸ tظʹফඅ͢Δ c(t)͔Βॠؒతޮ༻Λಘ
Δɻফඅऀͷ໨త͸ͦͷॠؒతޮ༻ͷকདྷʹΘͨͬͯͷׂҾݱࡏՁ஋ͷ࿨Λ࠷େԽ͢Δ͜ͱΛ໨తͱ͢Δɻॠ
2
　　　　　　　　　　 ⑿
が成り立つということである。ここでδ> 0 は
資本の減耗率である。また，資本ストックは t
＝ 0 の時点で，K（0）＝K0 > 0 が存在するとす
る。また，労働者数 L（t）は一定率（η> 0 ）で
増えるとしよう。
ਓ͋ͨΓࢿຊ k ͷΈͷؔ਺ͱͯ͠ॻ͖ͳ͓͢͜ͱ͕Ͱ͖Δɻ
f(k) := F (K,L)
L
= F
(
K
L
, 1
)
(7)
(1)͔Β (6)ͷԾఆΑΓɺ͕࣍ै͏ɻ
f ′(k) > 0 (⇐⇒ FK > 0) (8)
f(k)− kf ′(k) > 0 (⇐⇒ FL > 0) (9)
f ′′(k) < 0 (⇐⇒ Fkk < 0) (10)
·ͨɺҰਓ͋ͨΓͷϚΫϩੜ࢈ؔ਺ f(·)࣍ Α͏ͳԾఆΛઃ͚Δɻ
f(0) = 0, lim
k→0
f ′(k) = +∞, lim
k→∞
f ′(k) = 0. (11)
ޙΖͷ 2ͭͷ৚݅ ɺInada ৚݅ͱݺ͹ΕΔɻ
͜ͷϞσϧ ͸੓෎͓Αͼւ֎෦໳Λࣺ৅͢Δɻ͕ͨͬͯ͠ɺϚΫϩ࢈ग़ྔ Y ͸ຽؒফඅ C ͱຽؒૈ౤ࢿ
I ͱͯ͠ࢧग़͞ΕΔɻຽؒૈ౤ࢿ͸ࢿຊετοΫ K ͷ૿Ճ෼Λߏ੒͢Δɻ͔͠͠ɺࢿຊετοΫʹ͸ɺࢿຊ
ݮ໣͕͋ΓɺͦΕ͸ຖ೥ࢿຊετοΫͷҰఆ཰ͩͱ͠Α͏ɻͭ·Γɺ
I(t) = K˙(t) + δK (12)
͕੒Γཱͭͱ͍͏͜ͱͰ͋Δɻ͜͜Ͱ δ > 0͸ࢿຊͷݮ໣཰Ͱ͋Δɻ·ͨɺࢿຊετοΫ͸ t = 0ͷ࣌఺Ͱɺ
K(0) = K0 > 0͕ଘࡏ͢Δͱ ɻ·ͨɺ࿑ಇऀ਺ L(t)͸ ఆ཰ (η > 0)Ͱ૿͑Δͱ͠Α͏ɻ
L(t) = eηtL(0) i.e. L˙(t) = ηL(t) L(0) > 0 (13)
͜͜Ͱɺ࿑ಇྔͷॳظ஋ L(0)͸ॴ༩ͱ͢Δɻ
·ͨɺK˙(t)ͷఆٛʹΑΓ࣍ΛಘΔɻ
K˙(t) = dk(t)L(t)
dt
= k˙(t)L(t) + k(t)L˙(t) = k˙(t)L(t) + k(t)ηL(t) (14)
͜Ͱɺc := C
L
ͱදه͢Δ͜ͱʹ͢ΔͱɺY = C + I Λ࿑ಇऀҰਓ͋ͨΓͷλʔϜͰදͤ͹ɺ
f(k(t)) = k˙(t)− δk(t)− c(t) (15)
(14)ࣜΛɺ࿑ಇऀ 1ਓ͋ͨΓͷλʔϜʹ௚͠ɺ(15)Λߟྀ͢Δͱ࣍ͷࣜΛಘΔɻ
k˙(t) = f(k(t))− (δ + η)k(t)− c(t) (16)
͜Ε͸৽ݹయ೿ܦࡁ੒௕Ϟσϧʹ͓͚ΔҰਓ͋ͨΓࢿຊ k˙(t)ͷيಓΛද͢ඍ෼ํఔࣜͰ͋Δɻ
2.2 ফඅऀ
࣍ʹফඅऀͷޮ༻ʹ͍ͭͯ͸ɺҎԼͷΑ͏ͳઃఆΛ͢Δɻফඅऀ͸ tظʹফඅ͢Δ c(t)͔Βॠؒతޮ༻Λಘ
Δɻফඅऀͷ໨త͸ͦͷॠؒతޮ༻ͷকདྷʹΘͨͬͯͷׂҾݱࡏՁ஋ͷ࿨Λ࠷େԽ͢Δ͜ͱΛ໨తͱ͢Δɻॠ
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ਓ͋ͨΓࢿຊ k ͷΈͷؔ਺ͱͯ͠ॻ͖ͳ͓͢͜ͱ͕Ͱ͖Δɻ
f(k) := F (K,L)
L
= F
(
K
L
, 1
)
(7)
(1)͔Β (6)ͷԾఆΑΓɺ͕࣍ै͏ɻ
f ′(k) > 0 (⇐⇒ FK > 0) (8)
f(k)− kf ′(k) > 0 (⇐⇒ FL > 0) (9)
f ′′(k) < 0 (⇐⇒ F k < 0) (10)
·ͨɺҰਓ͋ͨΓͷϚΫϩੜ࢈ؔ਺ f(·)࣍ͷΑ͏ͳԾఆΛઃ͚Δɻ
f(0) = 0, lim
k→0
f ′(k) = +∞, lim
k→∞
f ′(k) = 0. (11)
ޙΖͷ 2ͭͷ৚݅͸ɺInada ৚݅ͱݺ͹ΕΔɻ
ͷϞσϧͰ͸੓෎͓Αͼւ֎෦໳Λࣺ৅͢Δɻ͕ͨͬͯ͠ɺϚΫϩ࢈ग़ྔ Y ͸ຽؒফඅ C ͱຽؒૈ౤ࢿ
I ͱͯ͠ࢧग़͞ΕΔɻຽؒૈ౤ࢿ͸ࢿຊετοΫ K ͷ૿Ճ෼Λߏ੒͢Δɻ͔͠͠ɺࢿຊετοΫʹ͸ɺࢿຊ
ݮ໣͕͋ΓɺͦΕ͸ຖ೥ࢿຊετοΫͷҰఆ཰ͩͱ͠Α͏ɻͭ·Γɺ
I(t) = ˙ (t) + δK (12)
͕੒Γཱͭͱ͍͏͜ͱͰ͋Δɻ͜͜Ͱ δ > 0͸ࢿຊͷݮ໣཰Ͱ͋Δɻ·ͨɺࢿຊετοΫ͸ t = 0ͷ࣌఺Ͱɺ
K(0) = K0 > 0͕ଘࡏ͢Δͱ͢Δɻ·ͨɺ࿑ಇऀ਺ L(t)͸Ұఆ཰ (η > 0)Ͱ૿͑Δͱ͠Α͏ɻ
L(t) = eηtL(0) i.e. L˙(t) = ηL(t) L(0) > 0 (13)
͜͜Ͱɺ࿑ಇྔͷॳظ஋ L(0)͸ॴ༩ͱ͢Δɻ
·ͨɺK˙(t)ͷఆٛʹΑΓ࣍ΛಘΔɻ
K˙(t) = dk(t)L(t)
dt
= k˙(t)L(t) + k(t)L˙(t) = k˙(t)L(t) + k(t)ηL(t) (14)
͜͜Ͱɺc := C
L
ͱදه͢Δ͜ͱ ͢ΔͱɺY = C + I Λ࿑ಇऀҰਓ͋ͨΓͷλʔϜͰදͤ͹ɺ
f(k(t)) = k˙(t)− δk(t)− c(t) (15)
(14)ࣜΛɺ࿑ಇ 1ਓ͋ͨΓ λʔϜʹ௚͠ɺ(15)Λߟྀ͢Δͱ࣍ͷࣜΛಘΔɻ
k˙(t) = f(k(t))− (δ + η)k(t)− c(t) (16)
͜Ε͸৽ݹయ೿ܦࡁ੒௕Ϟσϧʹ͓͚ΔҰਓ͋ͨΓࢿຊ k˙(t)ͷيಓΛද͢ඍ෼ํఔࣜͰ͋Δɻ
2.2 ফඅऀ
࣍ʹফඅऀͷޮ༻ʹ͍ͭͯ͸ɺҎԼͷΑ͏ͳઃఆΛ͢Δɻফඅऀ͸ tظʹফඅ͢Δ c(t)͔Βॠؒతޮ༻Λಘ
Δɻফඅऀͷ໨త͸ͦͷॠؒతޮ༻ͷকདྷʹΘͨͬͯͷׂҾݱࡏՁ஋ͷ࿨Λ࠷େԽ͢Δ͜ͱΛ໨తͱ͢Δɻॠ
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ここで，労働量の初期値 L（0）は所与とする。
また，K
4
（t）の定義により次を得る。
ਓ͋ͨΓࢿຊ k ͷΈͷؔ਺ͱͯ͠ॻ͖ͳ͓͢͜ͱ͕Ͱ͖Δɻ
f(k) := F (K,L)
L
= F
(
K
L
, 1
)
(7)
(1)͔Β (6)ͷԾఆΑΓɺ͕࣍ै͏ɻ
f ′(k) > 0 (⇐⇒ FK > 0) (8)
f(k)− kf ′(k) > 0 (⇐⇒ FL > 0) (9)
f ′′(k) < 0 (⇐⇒ Fkk < 0) (10)
·ͨɺҰਓ͋ͨΓͷϚΫϩੜ࢈ؔ਺ f ·)࣍ͷΑ͏ͳԾఆΛઃ͚Δɻ
f(0) = 0, lim
k→0
f ′(k) = + , lim
k→∞
f ′(k) = 0. (11)
ޙΖͷ 2ͭͷ৚݅͸ɺInada ৚݅ͱݺ͹ΕΔɻ
͜ͷϞσϧͰ͸੓෎͓Αͼւ֎෦໳Λࣺ৅͢Δɻ͕ͨͬͯ͠ɺϚΫϩ࢈ग़ྔ Y ͸ຽؒফඅ C ͱຽؒૈ౤ࢿ
I ͱͯ͠ࢧग़͞ΕΔɻຽؒૈ౤ࢿ͸ࢿຊετοΫ K ͷ૿Ճ෼Λߏ੒͢Δɻ͔͠͠ɺࢿຊετοΫʹ͸ɺࢿຊ
ݮ໣͕͋ΓɺͦΕ͸ຖ೥ࢿຊετοΫͷҰఆ཰ͩͱ͠Α͏ɻͭ·Γɺ
I(t) = K˙(t) + δK (12)
͕੒Γཱͭͱ͍͏͜ͱͰ͋Δɻ͜͜Ͱ δ > 0͸ࢿຊͷݮ໣཰Ͱ͋Δɻ·ͨɺࢿຊετοΫ͸ t = 0ͷ࣌఺Ͱɺ
K(0) = K0 > 0͕ଘࡏ͢Δͱ͢Δɻ·ͨɺ࿑ಇऀ਺ L(t)͸Ұఆ཰ (η > 0)Ͱ૿͑Δͱ͠Α͏ɻ
L(t) = eηtL(0) i.e. L˙(t) = ηL(t) L(0) > 0 (13)
͜͜Ͱɺ࿑ಇྔͷॳظ஋ L(0)͸ॴ༩ͱ͢Δɻ
·ͨɺK˙(t)ͷఆٛʹΑΓ࣍ΛಘΔɻ
K˙(t) = dk(t)L t)
dt
= L(t) + k(t)L˙(t) = k˙(t)L(t) + k(t)ηL(t) (14)
͜͜Ͱɺc := C
L
ͱදه͢Δ͜ͱʹ͢ΔͱɺY = C + I Λ࿑ಇऀҰਓ͋ͨΓͷλʔϜͰදͤ͹ɺ
f(k(t)) = k˙(t)− δk(t)− c(t) (15)
(14)ࣜΛɺ࿑ಇऀ 1ਓ͋ͨΓͷλʔϜʹ௚͠ɺ(15)Λߟྀ͢Δͱ࣍ͷࣜΛಘΔɻ
k˙(t) = f(k(t))− (δ + η)k(t)− c(t) (16)
͜Ε͸৽ݹయ೿ܦࡁ੒௕Ϟσϧʹ͓͚ΔҰਓ͋ͨΓࢿຊ k˙(t)ͷيಓΛද͢ඍ෼ํఔࣜͰ͋Δɻ
2.2 ফඅऀ
࣍ʹফඅऀͷޮ༻ʹ͍ͭͯ͸ɺҎԼͷΑ͏ͳઃఆΛ͢Δɻফඅऀ͸ tظʹফඅ͢Δ c(t)͔Βॠؒతޮ༻Λಘ
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ਓ͋ͨΓࢿຊ k ͷΈͷؔ਺ͱͯ͠ॻ͖ͳ͓͢͜ͱ͕Ͱ͖Δɻ
f(k) := F (K,L)
L
= F
(
K
L
, 1
)
(7)
(1)͔Β (6) ԾఆΑΓɺ͕࣍ै͏ɻ
f ′(k) > 0 (⇐⇒ FK > 0) (8)
f(k)− kf ′(k) > 0 (⇐⇒ FL > 0) (9)
f ′′(k) < 0 (⇐⇒ Fkk < 0) (10)
·ͨɺҰਓ͋ͨ ͷϚΫϩੜ࢈ؔ਺ f(·)࣍ͷΑ͏ͳԾఆΛઃ͚Δɻ
f(0) = 0, lim
k→0
f ′(k) = +∞, lim
k→∞
f ′(k) = 0. (11)
ޙΖͷ 2ͭͷ৚݅͸ɺInada ৚݅ͱݺ͹ΕΔɻ
ͷϞσϧͰ͸੓෎͓Αͼւ֎෦໳Λࣺ৅͢Δɻ͕ͨͬͯ͠ɺϚΫϩ࢈ग़ྔ Y ͸ຽؒফඅ C ͱຽؒૈ౤ࢿ
I ͱͯ͠ࢧग़͞ΕΔɻຽؒૈ౤ࢿ͸ࢿຊετοΫ K ͷ૿Ճ෼Λߏ੒͢Δɻ͔͠͠ɺࢿຊετοΫʹ͸ɺࢿຊ
ݮ໣͕͋ΓɺͦΕ͸ຖ೥ࢿຊετοΫͷҰఆ཰ͩͱ͠Α͏ɻͭ·Γɺ
I(t) = K˙(t) + δK (12)
͕੒Γཱͭͱ͍͏͜ͱͰ͋ ɻ͜͜Ͱ δ > 0͸ࢿຊͷݮ໣཰Ͱ͋Δɻ·ͨɺࢿຊετοΫ͸ t = 0ͷ࣌఺Ͱɺ
K(0) = K0 > 0͕ଘࡏ͢Δͱ͢Δɻ·ͨɺ࿑ಇऀ਺ L(t)͸Ұఆ཰ (η > 0)Ͱ૿͑Δͱ͠Α͏ɻ
L(t) = eηtL(0) i.e. ˙ (t) ηL(t) L(0) > 0 (13)
͜͜Ͱɺ࿑ಇྔ ॳظ஋ L(0)͸ॴ༩ͱ͢Δɻ
·ͨɺK˙(t)ͷఆٛʹΑΓ࣍ΛಘΔɻ
K˙(t) = dk(t)L(t)
dt
= k˙(t)L(t) + k(t)L˙(t) = k˙(t)L(t) + k(t)ηL(t) (14)
͜͜Ͱɺc := C
L
ͱදه͢Δ͜ͱʹ͢ΔͱɺY = C + I Λ࿑ಇऀҰਓ͋ͨΓͷλʔϜͰදͤ͹ɺ
f(k(t)) = k˙(t)− δk(t)− c(t) (15)
(14)ࣜΛɺ࿑ಇऀ 1ਓ͋ͨΓͷλʔϜʹ௚͠ɺ(15)Λߟྀ͢Δͱ࣍ͷࣜΛಘΔɻ
k˙(t) = f(k(t))− (δ + η)k(t)− c(t) (16)
͜Ε͸৽ݹయ೿ܦࡁ੒௕Ϟσϧʹ͓͚ΔҰਓ͋ͨΓࢿຊ k˙(t)ͷيಓΛද͢ඍ෼ํఔࣜͰ͋Δɻ
2.2 ফඅऀ
࣍ʹফඅऀͷޮ༻ʹ͍ͭͯ͸ɺҎԼ Α͏ͳઃఆΛ͢Δɻফඅऀ͸ tظʹফඅ͢Δ c(t)͔Βॠؒతޮ༻Λಘ
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ਓ͋ͨΓࢿຊ k ͷΈͷؔ਺ͱͯ͠ॻ͖ͳ͓͢͜ͱ͕Ͱ͖Δɻ
f(k) := F (K,L)
L
= F
(
K
L
, 1
)
(7)
(1)͔Β (6)ͷԾఆΑΓɺ͕࣍ै͏ɻ
f ′(k) > 0 (⇐⇒ FK > 0) (8)
f(k)− kf ′(k) > 0 (⇐⇒ FL ) (9)
f ′′(k) < 0 (⇐⇒ Fkk < 0) (10)
·ͨɺҰਓ͋ͨΓͷϚΫϩੜ࢈ؔ਺ f(·)࣍ͷΑ͏ͳԾఆΛઃ͚Δɻ
f(0) = 0, lim
k→0
f ′(k) = +∞, lim
k→∞
f ′(k) = 0. (11)
ޙΖͷ 2ͭͷ৚݅͸ɺInada ৚݅ͱݺ͹ΕΔɻ
͜ͷϞσϧͰ͸੓෎͓Αͼւ֎෦໳Λࣺ৅͢Δɻ͕ͨͬͯ͠ɺϚΫϩ࢈ग़ྔ Y ͸ຽؒফඅ C ͱຽؒૈ౤ࢿ
I ͱͯ͠ࢧग़͞ΕΔɻຽؒૈ౤ࢿ͸ࢿຊετοΫ K ͷ૿Ճ෼Λߏ੒͢Δɻ͔͠͠ɺࢿຊετοΫʹ͸ɺࢿຊ
ݮ໣͕͋ΓɺͦΕ͸ຖ೥ࢿຊετοΫͷҰఆ཰ͩͱ͠Α͏ɻͭ·Γɺ
I(t) = K˙(t) + δK (12)
͕੒Γཱͭͱ͍͏͜ͱͰ͋Δɻ͜͜Ͱ δ > 0͸ࢿຊͷݮ໣཰Ͱ͋Δɻ·ͨɺࢿຊετοΫ͸ = 0ͷ࣌఺Ͱɺ
K(0) = K0 > 0͕ଘࡏ͢Δͱ͢Δɻ·ͨɺ࿑ಇऀ਺ L(t)͸Ұఆ཰ (η > 0)Ͱ૿͑Δͱ͠Α͏ɻ
L(t) = eηtL(0) i.e. L˙(t) = ηL(t) L(0) > 0 (13)
͜͜Ͱɺ࿑ಇྔͷॳظ஋ L(0)͸ॴ༩ͱ͢Δɻ
·ͨɺK˙(t)ͷఆٛʹΑΓ࣍ΛಘΔɻ
K˙(t) = dk(t)L(t)
dt
= k˙(t)L(t) + k(t)L˙(t) = k˙(t)L(t) + k(t)ηL(t) (14)
͜͜Ͱɺc := C
L
ͱදه͢Δ͜ͱʹ͢ΔͱɺY = C + I Λ࿑ಇऀҰਓ͋ ΓͷλʔϜͰදͤ͹ɺ
f(k(t)) = k˙(t)− δk(t)− c(t) (15)
(14)ࣜΛɺ࿑ಇऀ 1ਓ͋ͨΓͷλʔϜʹ௚͠ɺ(15)Λߟྀ͢Δͱ࣍ͷࣜΛಘΔɻ
k˙(t) = f(k(t))− (δ + η)k(t)− c(t) (16)
͜Ε͸৽ݹయ೿ܦࡁ੒௕Ϟσϧʹ͓͚ΔҰਓ͋ͨΓࢿຊ k˙(t)ͷيಓΛද͢ඍ෼ํఔࣜͰ͋Δɻ
2.2 ফඅऀ
࣍ʹফඅऀͷޮ༻ʹ͍ͭͯ͸ɺҎԼͷΑ͏ͳઃఆΛ͢Δɻফඅऀ͸ tظʹফඅ͢Δ c(t)͔Βॠؒతޮ༻Λಘ
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ここで，c:＝CLと表記することにすると，Y
＝C + I を労働者一人あたりのタームで表せ
ば，
ਓ͋ͨΓࢿຊ k ͷΈͷؔ਺ͱͯ͠ॻ͖ͳ͓͢͜ͱ͕Ͱ͖Δɻ
f(k) := F (K,L)
L
= F
(
K
L
, 1
)
(7)
(1)͔Β (6)ͷԾఆΑΓɺ͕࣍ै͏ɻ
f ′(k) > 0 (⇐⇒ FK > 0) (8)
f(k)− kf ′(k) > 0 (⇐⇒ FL > 0) (9)
f ′′(k) < 0 (⇐⇒ Fkk < 0) (10)
·ͨɺҰਓ͋ͨΓͷϚΫϩੜ࢈ؔ਺ f(·)࣍ͷΑ͏ͳԾఆΛઃ͚Δɻ
f(0) = 0, lim
k→0
f ′(k) = +∞, lim
k→∞
f ′(k) = 0. (11)
ޙΖͷ 2ͭͷ৚݅͸ɺInada ৚݅ͱݺ͹ΕΔɻ
͜ͷϞσϧͰ͸੓෎͓Αͼւ֎෦໳Λࣺ৅͢Δɻ͕ͨͬͯ͠ɺϚΫϩ࢈ग़ྔ Y ͸ຽؒফඅ C ͱຽؒૈ౤ࢿ
I ͱͯ͠ࢧग़͞ΕΔɻຽؒૈ౤ࢿ͸ࢿຊετοΫ K ͷ૿Ճ෼Λߏ੒͢Δɻ͔͠͠ɺࢿຊετοΫʹ͸ɺࢿຊ
ݮ໣͕͋ΓɺͦΕ͸ຖ೥ࢿຊετοΫͷҰఆ཰ͩͱ͠Α͏ɻͭ·Γɺ
I(t) = K˙(t) + δK (12)
͕੒Γཱͭͱ͍͏͜ͱͰ͋Δɻ͜͜Ͱ δ > 0͸ࢿຊͷݮ໣཰Ͱ͋Δɻ·ͨɺࢿຊετοΫ͸ t = 0ͷ࣌఺Ͱɺ
K(0) = K0 > 0͕ଘࡏ͢Δͱ͢Δɻ·ͨɺ࿑ಇऀ਺ L(t)͸Ұఆ཰ (η > 0)Ͱ૿͑Δͱ͠Α͏ɻ
L(t) = eηtL(0) i.e. L˙(t) = ηL(t) L(0) > 0 (13)
͜͜Ͱɺ࿑ಇྔͷॳظ஋ L(0)͸ॴ༩ͱ͢Δɻ
·ͨɺK˙(t)ͷఆٛʹΑΓ࣍ΛಘΔɻ
K˙(t) = dk(t)L(t)
dt
= k˙(t)L(t) + k(t)L˙(t) = k˙(t)L(t) + k(t)ηL(t) (14)
͜͜Ͱɺc := C
L
ͱදه͢Δ͜ͱʹ͢ΔͱɺY = C + I Λ࿑ಇऀҰਓ͋ͨΓͷλʔϜͰදͤ͹ɺ
f(k(t)) = k˙(t)− δk(t)− c(t) (15)
(14)ࣜΛɺ࿑ಇऀ 1ਓ͋ͨΓͷλʔϜʹ௚͠ɺ(15)Λߟྀ͢Δͱ࣍ͷࣜΛಘΔɻ
k˙(t) = f(k(t))− (δ + η)k(t)− c(t) (16)
͜Ε͸৽ݹయ೿ܦࡁ੒௕Ϟσϧʹ͓͚ΔҰਓ͋ͨΓࢿຊ k˙(t)ͷيಓΛද͢ඍ෼ํఔࣜͰ͋Δɻ
2.2 ফඅऀ
࣍ʹফඅऀͷޮ༻ʹ͍ͭͯ͸ɺҎԼͷΑ͏ͳઃఆΛ͢Δɻফඅऀ͸ tظʹফඅ͢Δ c(t)͔Βॠؒతޮ༻Λಘ
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⒁式を，労働者 1 人あたりのタームに直し，
⒂を考慮すると次の式を得る。
ਓ͋ͨΓࢿຊ k ͷΈͷؔ਺ͱͯ͠ॻ͖ͳ͓͢͜ͱ͕Ͱ͖Δɻ
f(k) := F (K,L)
L
= F
(
K
L
, 1
)
(7)
(1)͔Β (6)ͷԾఆΑΓɺ͕࣍ै͏ɻ
f ′(k) > 0 (⇐⇒ FK > 0) (8)
f(k)− kf ′(k) > 0 (⇐⇒ FL > 0) (9)
f ′′(k) < 0 (⇐⇒ Fkk < 0) (10)
·ͨɺҰਓ͋ͨΓͷϚΫϩੜ࢈ؔ਺ f(·)࣍ͷΑ͏ͳԾఆΛઃ͚Δɻ
f(0) = 0, lim
k→0
f ′(k) = +∞, lim
k→∞
f ′(k) = 0. (11)
ޙΖͷ 2ͭͷ৚݅͸ɺInada ৚݅ͱݺ͹ΕΔɻ
͜ͷϞσϧͰ͸੓෎͓Αͼւ֎෦໳Λࣺ৅͢Δɻ͕ͨͬͯ͠ɺϚΫϩ࢈ग़ྔ Y ͸ຽؒফඅ C ͱຽؒૈ౤ࢿ
I ͱͯ͠ࢧग़͞ΕΔɻຽؒૈ౤ࢿ͸ࢿຊετοΫ K ͷ૿Ճ෼Λߏ੒͢Δɻ͔͠͠ɺࢿຊετοΫʹ͸ɺࢿຊ
ݮ໣͕͋ΓɺͦΕ͸ຖ೥ࢿຊετοΫͷҰఆ཰ͩͱ͠Α͏ɻͭ·Γɺ
I(t) = K˙(t) + δK (12)
͕੒Γཱͭͱ͍͏͜ͱͰ͋Δɻ͜͜Ͱ δ > 0͸ࢿຊͷݮ໣཰Ͱ͋Δɻ·ͨɺࢿຊετοΫ͸ t = 0ͷ࣌఺Ͱɺ
K(0) = K0 > 0͕ଘࡏ͢Δͱ͢Δɻ·ͨɺ࿑ಇऀ਺ L(t)͸Ұఆ཰ (η > 0)Ͱ૿͑Δͱ͠Α͏ɻ
L(t) = eηtL(0) i.e. L˙(t) = ηL(t) L(0) > 0 (13)
͜͜Ͱɺ࿑ಇྔͷॳظ஋ L(0)͸ॴ༩ͱ͢Δɻ
·ͨɺK˙(t)ͷఆٛʹΑΓ࣍ΛಘΔɻ
K˙(t) = dk(t)L(t)
dt
= k˙(t)L(t) + k(t)L˙(t) = k˙(t)L(t) + k(t)ηL(t) (14)
͜͜Ͱɺc := C
L
ͱදه͢Δ͜ͱʹ͢ΔͱɺY = C + I Λ࿑ಇऀҰਓ͋ͨΓͷλʔϜͰදͤ͹ɺ
f(k(t)) = k˙(t)− δk(t)− c(t) (15)
(14)ࣜΛɺ࿑ಇऀ 1ਓ͋ͨΓͷλʔϜʹ௚͠ɺ(15)Λߟྀ͢Δͱ࣍ͷࣜΛಘΔɻ
k˙(t) = f(k(t))− (δ + η)k(t)− c(t) (16)
͜Ε͸৽ݹయ೿ܦࡁ੒௕Ϟσϧʹ͓͚ΔҰਓ͋ͨΓࢿຊ k˙(t)ͷيಓΛද͢ඍ෼ํఔࣜͰ͋Δɻ
2.2 ফඅऀ
࣍ʹফඅऀͷޮ༻ʹ͍ͭͯ͸ɺҎԼͷΑ͏ͳઃఆΛ͢Δɻফඅऀ͸ tظʹফඅ͢Δ c(t)͔Βॠؒతޮ༻Λಘ
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　　 ⒃
これは新古典派経済成長モデルにおける一人
あたり資本 k
4
（t）の軌道を表す微分方程式であ
る。
2 . 2 　消費者
次に消費者の効用については，以下のような
設定をする。消費者は t 期に消費するc（t）から
瞬間的効用を得る。消費者はその瞬間的効用の
将来にわたっての割引現在価値の和を最大化す
ることを目的とする。瞬間的効用関数 u（c（t））
については次を仮定する。ؒతޮ༻ؔ਺ u(c(t))ʹ͍ͭͯ͸࣍ΛԾఆ͢Δɻ
u : R −→ R ∈ C(2) (17)
u′(c) > 0 ∀c > 0 (18)
u′′(c) < 0 ∀c > 0 (19)
lim
c→0
u′(c) = +∞, lim
c→+∞
u′(c) = 0 (20)
͜ΕΒ͸ɺ͠͹͠͹ಛఆԽ͞ΕΔؔ਺ܗ͕ຬ͍ͨͯ͠Δ৚݅Ͱ͋Δɻಛʹ (20)ࣜ͸ɺҰਓ͋ͨΓϚΫϩੜ࢈
ؔ਺ʹ՝ͨ͠ͷͱಉ༷ͳ৚݅Ͱ͋ΓɺInada-like ৚݅ͱݺΜͰ͓͜͏ɻ
ফඅऀ͕কདྷফඅ͕΋ͨΒ͢ޮ༻ΛׂΓҾׂ͘Ҿ཰͸ ρ > 0ͷҰఆ஋Ͱ͋ΔͱԾఆ͢Δɻ͕ͨͬͯ͠ɺফඅ
ऀ͕ফඅྔ c(t)Λίϯτϩ ϧ͢Δ͜ͱͰ࠷େԽ͍ͨ͠໨తؔ਺͸࣍ͷΑ͏ʹද͞Δɻ
∫ +∞
0
u(c(t))L(t)e−ρtdt ∀t > 0 (21)
͜ͷ໨తؔ਺͸ɺ(13)Λߟྀ͢Ε͹ɺ࣍ͷΑ͏ʹͳΔɻ
0)
∫ +∞
0
u(c(t))e−(ρ−η)tdt ∀t > 0 (22)
͜͜Ͱ͞Βʹ࣍ͷΑ͏ͳԾఆΛஔ͘
ρ > η (23)
͜Ε͸ɺ૯ޮ༻͕༗ݶͷ஋ʹऩଋ͢ΔͨΊʹඞཁͱ͞ΕΔ৚݅Ͱ͋Δɻͳ͓ɺ໨తؔ਺ͷલʹ͋Δ L(0) > 0
ͱ͍͏ఆ਺͸ɺbehaviorʹ͸ແؔ܎ͳͷͰɺແࢹͯ͠ߏΘͳ͍ɻ*1
͕ͨͬͯ͠ɺ͜ͷ࠷దԽ໰୊ ఆࣜԽ͸࣍ͷΑ͏ʹͳΔɻ
max
c(t)
∫ +∞
0
u(c(t))e−(ρ−η)tdt (24)
s.t. k˙ = −(δ + η)k(t)− c(t), (25)
k(0) = K0, c(t) ≧ 0 ∀t > 0 (26)
஫ҙ͢΂͖͜ͱ͸ɺ੍໿ࣜͷ࠷ޙͷ෦෼͸࣍Λ΋ҙຯ͢Δͱ͍͏͜ͱͰ͋Δɻ
lim
t→+∞
c(t) ≧ 0 (27)
2.3 ܦৗՁ஋ dynamic Lagrangian
͜ͷ໰୊Λղͨ͘Ίʹ͜͜Ͱ࣍ͷΑ͏ͳؔ਺Λఆٛ͢Δɻ
L(c(t), k(t), λ(t), µ(t)) := u(c(t)) + λ(t) (f(k(t))− c(t)− (δ + η)k(t)) + µ(t)c(t) (28)
͜Ε͸ܦৗՁ஋ dynamic Lagrangian (current value dynamic Lagrangian)ͱݺ͹ΕΔఆࣜԽͰ͋Δɻ͜͜
Ͱ c(t)͸੍ޚม਺ (control variable)*2ɺk(t)͸ঢ়ଶม਺ (state variable)ɺλ(t)͓Αͼ µ(t)͸ਵ൐ঢ়ଶม਺
(costate variable)Ͱ͋Δɻ
*1 ͋Δ͍͸ɺL(0) = 1ʹਖ਼نԽ͞Ε͍ͯΔͱ͍ͬͯ΋ྑ͍ɻ
*2 ม਺ͱ͍͏ΑΓ΋൚ؔ਺ (functional)Λߏ੒͢Δيಓͱ͍͏΂͖΋ͷ͕ͩɺ௨ৗͷ༻ޠʹै͏ɻҎԼ΋ಉ༷ɻ
3
（ ）　　　　　　　　　　 ⒄
ؒతޮ༻ؔ਺ u(c(t))ʹ͍ͭͯ͸࣍ΛԾఆ͢Δɻ
u : R −→ R ∈ C(2) (17)
u′(c) > 0 ∀c > 0 (18)
u′′(c) < 0 ∀c > 0 (19)
lim
c→0
u′(c) = +∞, lim
c→+∞
u′(c) = 0 (20)
͜ΕΒ͸ɺ͠͹͠͹ಛఆԽ͞ΕΔؔ਺ܗ͕ຬ͍ͨͯ͠Δ৚݅Ͱ͋Δɻಛʹ (20)ࣜ͸ɺҰਓ͋ͨΓϚΫϩੜ࢈
ؔ਺ʹ՝ͨ͠ͷͱಉ༷ͳ৚݅Ͱ͋ΓɺInada-like ৚݅ͱݺΜͰ͓͜͏ɻ
ফඅऀ͕কདྷফඅ͕΋ͨΒ͢ޮ༻ΛׂΓҾׂ͘Ҿ཰͸ ρ > 0ͷҰఆ஋Ͱ͋ΔͱԾఆ͢Δɻ͕ͨͬͯ͠ɺফඅ
ऀ͕ফඅྔ c(t)Λίϯτϩʔϧ͢Δ͜ͱͰ࠷େԽ͍ͨ͠໨తؔ਺͸࣍ͷΑ͏ʹද͞Δɻ
∫ +∞
0
u(c(t))L(t)e−ρtdt ∀t > 0 (21)
͜ͷ໨తؔ਺͸ɺ(13)Λߟྀ͢Ε͹ɺ࣍ͷΑ͏ʹͳΔɻ
L(0)
∫ +∞
0
u(c(t))e−(ρ−η)tdt ∀t > 0 (22)
͜͜Ͱ͞Βʹ࣍ͷΑ͏ͳԾఆΛஔ͘ɻ
ρ > η (23)
͜Ε͸ɺ૯ޮ༻͕༗ݶͷ஋ʹऩଋ͢ΔͨΊʹඞཁͱ͞ΕΔ৚݅Ͱ͋Δɻͳ͓ɺ໨తؔ਺ͷલʹ͋Δ L(0) > 0
ͱ͍͏ఆ਺ ɺbehavior ͸ແؔ܎ͳͷͰɺແࢹͯ͠ߏΘͳ͍ɻ*1
͕ͨͬͯ͠ɺ͜ͷ ద ໰୊ͷఆࣜԽ͸࣍ͷΑ͏ʹͳΔɻ
max
c(t)
∫ +∞
0
u(c(t))e−(ρ−η)tdt (24)
s.t. k˙ = −(δ + η)k(t)− c(t), (25)
k(0) = K0, c(t) ≧ 0 ∀t > 0 (26)
஫ҙ͢΂͖͜ͱ͸ɺ੍໿ࣜͷ࠷ޙͷ෦෼͸࣍Λ΋ҙຯ͢Δͱ͍͏͜ͱͰ͋Δɻ
lim
t→+∞
c(t) ≧ 0 (27)
2.3 ܦৗՁ஋ dynamic Lagrangian
͜ͷ໰୊Λղͨ͘Ίʹ͜͜Ͱ࣍ͷΑ͏ͳؔ਺Λఆٛ͢Δɻ
L(c(t), k(t), λ(t), µ(t)) := u(c(t)) + λ(t) (f(k(t))− c(t)− (δ + η)k(t)) + µ(t)c(t) (28)
͜Ε͸ܦৗՁ஋ dynamic Lagrangian (current value dynamic Lagrangian)ͱݺ͹ΕΔఆࣜԽͰ͋Δɻ͜͜
Ͱ c(t)͸੍ޚม਺ (control variable)*2ɺk(t)͸ঢ়ଶม਺ (state variable)ɺλ(t)͓Αͼ µ(t)͸ਵ൐ঢ়ଶม਺
(costate variable)Ͱ͋Δɻ
*1 ͋Δ͍͸ɺL(0) = 1ʹਖ਼نԽ͞Ε͍ͯΔͱ͍ͬͯ΋ྑ͍ɻ
*2 ม਺ͱ͍͏ΑΓ΋൚ؔ਺ (functional)Λߏ੒͢Δيಓͱ͍͏΂͖΋ͷ͕ͩɺ௨ৗͷ༻ޠʹै͏ɻҎԼ΋ಉ༷ɻ
3
　　　　　　　　　　⒅
ؒతޮ༻ؔ਺ u(c(t))ʹ͍ͭͯ͸࣍ΛԾఆ͢Δɻ
u : R −→ R ∈ C(2) (17)
u′(c) > 0 ∀c > 0 (18)
u′′(c) < 0 ∀c > 0 (19)
lim
c→0
u′(c) = +∞, lim
c→+∞
u′(c) = 0 (20)
͜ΕΒ͸ ͠͹͠͹ಛఆԽ͞ΕΔؔ਺ܗ͕ຬ͍ͨͯ͠Δ৚݅Ͱ͋Δɻಛʹ (20)ࣜ͸ɺҰਓ͋ͨΓϚΫϩੜ࢈
ؔ਺ʹ՝ͨ͠ͷͱಉ༷ͳ৚݅Ͱ͋ΓɺInada-like ৚݅ͱݺΜͰ͓͜͏ɻ
ফඅऀ͕কདྷফඅ͕΋ͨΒ͢ޮ༻ΛׂΓҾׂ͘Ҿ཰͸ ρ > 0ͷҰఆ஋Ͱ͋ΔͱԾఆ͢Δɻ͕ͨͬͯ͠ɺফඅ
ऀ͕ফඅྔ c(t)Λίϯτϩʔϧ͢Δ͜ͱͰ࠷େԽ͍ͨ͠໨తؔ਺͸࣍ͷΑ͏ʹද͞Δɻ
∫ +∞
0
u(c(t))L(t)e−ρtdt ∀t > 0 (21)
͜ͷ໨తؔ਺͸ɺ(13)Λߟྀ͢Ε͹ɺ࣍ͷΑ͏ʹͳΔɻ
L(0)
∫ +∞
0
u(c(t))e−(ρ−η)tdt ∀t > 0 (22)
͜͜Ͱ͞Βʹ࣍ͷΑ͏ͳԾఆΛஔ͘ɻ
ρ > η (23)
͜Ε͸ɺ૯ޮ༻͕༗ݶͷ஋ʹऩଋ͢ΔͨΊʹඞཁͱ͞ΕΔ৚݅Ͱ͋Δɻͳ͓ɺ໨తؔ਺ͷલʹ͋Δ L(0) > 0
ͱ͍͏ఆ਺͸ behaviorʹ͸ແؔ܎ͳͷͰɺແࢹͯ͠ߏΘͳ͍ɻ*1
͕ͨͬͯ͠ɺ͜ͷ࠷దԽ໰୊ͷఆࣜԽ͸࣍ͷΑ͏ʹͳΔɻ
max
c(t)
∫ +∞
0
u(c(t))e−(ρ−η)tdt (24)
s.t. k˙ = −(δ + η)k(t)− c(t), (25)
k(0) = K0, c(t) ≧ 0 ∀t > 0 (26)
஫ҙ͢΂͖͜ͱ͸ɺ੍໿ࣜͷ࠷ޙͷ෦෼͸࣍Λ΋ҙຯ͢Δͱ͍͏͜ͱͰ͋Δɻ
lim
t→+∞
c(t) ≧ 0 (27)
2.3 ܦৗՁ஋ dynamic Lagrangian
͜ͷ໰୊Λղͨ͘Ίʹ͜͜Ͱ࣍ͷΑ͏ͳؔ਺Λఆٛ͢Δɻ
L(c(t), k(t), λ(t), µ(t)) := u(c(t)) + λ(t) (f(k(t))− c(t)− (δ + η)k(t)) + µ(t)c(t) (28)
͜Ε͸ܦৗՁ஋ dynamic Lagrangian (current value dynamic Lagrangian)ͱݺ͹ΕΔఆࣜԽͰ͋Δɻ͜͜
Ͱ c(t)͸੍ޚม਺ (control variable)*2ɺk(t)͸ঢ়ଶม਺ (state variable)ɺλ(t)͓Αͼ µ(t)͸ਵ൐ঢ়ଶม਺
(costate variable)Ͱ͋Δɻ
1 ͋Δ͍͸ɺL(0) = 1ʹਖ਼نԽ͞Ε͍ͯΔͱ͍ͬͯ΋ྑ͍ɻ
*2 ม਺ͱ͍͏ΑΓ΋൚ؔ਺ (functional)Λߏ੒͢Δيಓͱ͍͏΂͖΋ͷ͕ͩɺ௨ৗͷ༻ޠʹै͏ɻҎԼ΋ಉ༷ɻ
3
　　　　　　　　　 ⒆
ؒతޮ༻ؔ਺ u(c(t))ʹ͍ͭͯ͸࣍ΛԾఆ͢Δɻ
: R −→ R ∈ C(2) 7
(c) > 0 ∀c 0 8
u′′(c) < 0 ∀c > 0 19
lim
c→0
u′(c) = +∞, lim
c→+∞
u′(c) = 0 (20)
͜ΕΒ͸ɺ͠͹͠͹ಛఆԽ͞ΕΔؔ਺ܗ͕ຬ͍ͨͯ͠Δ৚݅ ͋Δɻಛʹ (20)ࣜ͸ɺҰਓ͋ͨΓϚΫϩੜ࢈
ؔ਺ʹ՝ͨ͠ ͱಉ༷ͳ৚݅Ͱ͋Γ Inada-like ৚݅ͱݺΜͰ͓͜͏ɻ
ফඅऀ͕কདྷফඅ͕΋ͨΒ͢ޮ༻ΛׂΓҾׂ͘Ҿ཰͸ ρ > 0ͷҰఆ஋Ͱ͋ΔͱԾఆ͢Δɻ͕ͨͬͯ͠ɺফඅ
ऀ͕ফඅྔ c(t)Λίϯτϩʔϧ͢Δ͜ͱͰ࠷େԽ͍ͨ͠໨తؔ਺͸࣍ͷΑ͏ʹද͞Δɻ
∫ +∞
0
u(c(t))L(t)e−ρtdt ∀t > 0 (21)
͜ͷ໨తؔ਺͸ɺ(13)Λߟྀ͢Ε͹ɺ࣍ͷΑ͏ʹͳΔɻ
L(0)
∫ +∞
0
u(c(t))e−(ρ−η)tdt ∀t > 0 (22)
͜͜Ͱ͞Βʹ࣍ͷΑ͏ͳԾఆΛஔ͘ɻ
ρ > η (23)
͜Ε͸ɺ૯ޮ༻͕༗ݶͷ஋ʹऩଋ͢ΔͨΊʹඞཁͱ͞ΕΔ৚݅Ͱ͋Δɻͳ͓ɺ໨తؔ਺ͷલʹ͋Δ L(0) > 0
ͱ͍͏ఆ਺͸ behaviorʹ͸ແؔ܎ͳͷͰɺແࢹͯ͠ߏΘͳ͍ɻ*1
͕ͨͬͯ͠ɺ͜ͷ࠷దԽ໰୊ͷఆࣜԽ͸࣍ͷΑ͏ʹͳΔɻ
max
c(t)
∫ +∞
0
u(c(t))e−(ρ−η)tdt (24)
s.t. k˙ = −(δ + η)k(t)− c(t), 5
k(0) = K0, c(t) ≧ 0 ∀t > 0 (26)
஫ҙ͢΂͖͜ͱ͸ɺ੍໿ࣜͷ࠷ޙͷ෦෼͸࣍Λ΋ҙຯ͢Δͱ͍͏͜ͱͰ͋Δɻ
lim
t→+∞
c(t) ≧ 0 (27)
2.3 ܦৗՁ஋ dynamic Lagrangian
͜ͷ໰୊Λղͨ͘Ίʹ͜͜Ͱ࣍ͷΑ͏ͳؔ਺Λఆٛ͢Δɻ
L(c(t), k(t), λ(t), µ(t)) := u(c(t)) + λ(t) (f(k(t))− c(t)− (δ + η)k(t)) + µ(t)c(t) (28)
͜Ε͸ܦৗՁ஋ dynamic Lagrangian (current value dynamic Lagr ngian)ͱݺ͹ΕΔఆࣜԽͰ͋Δɻ͜͜
Ͱ c(t)͸੍ޚม਺ (control variable)*2ɺk(t)͸ঢ়ଶม਺ (state variable)ɺλ(t)͓Αͼ µ(t)͸ਵ൐ঢ়ଶม਺
(costate variable)Ͱ͋Δɻ
1 ͋Δ͍͸ɺL(0) = 1ʹਖ਼نԽ͞Ε͍ͯΔͱ͍ͬͯ΋ྑ͍ɻ
*2 ม਺ͱ͍͏ΑΓ΋൚ؔ਺ (functional)Λߏ੒͢Δيಓͱ͍͏΂͖΋ͷ͕ͩɺ௨ৗͷ༻ޠʹै͏ɻҎԼ΋ಉ༷ɻ
3
　　 ⒇
これらは，しばしば特定化される関数形が満た
している条件である。特に⒇式は，一人あたり
マクロ生産関数に課したのと同様な条件であ
り，Inada-like条件と呼んでおこう。
消費者が将来消費がもたらす効用を割り引く
割引率はρ> 0 の一定値であると仮定する。し
たがって，消費者が消費量 c（t）をコントロー
ルすることで最大化したい目的関数は次のよう
に表される。
ؒతޮ༻ؔ਺ u(c(t))ʹ͍ͭͯ͸࣍ΛԾఆ͢Δɻ
u : R −→ R ∈ C(2) (17)
u′(c) > 0 ∀c > 0 (18)
u′′(c) < 0 ∀c > 0 (19)
lim
c→0
u′(c) = +∞, lim
c→+∞
u′(c) = 0 (20)
͜ΕΒ͸ɺ͠͹͠͹ಛఆԽ͞ΕΔؔ਺ܗ͕ຬ͍ͨͯ͠Δ৚݅Ͱ͋Δɻಛʹ (20)ࣜ͸ɺҰਓ͋ͨΓϚΫϩੜ࢈
ؔ਺ʹ՝ͨ͠ͷͱಉ༷ͳ৚݅Ͱ͋ΓɺInada-like ৚݅ͱݺΜͰ͓͜͏ɻ
ফඅऀ͕কདྷফඅ͕΋ͨΒ͢ޮ༻ΛׂΓҾׂ͘Ҿ཰͸ ρ > 0ͷҰఆ஋Ͱ͋ΔͱԾఆ͢Δɻ͕ͨͬͯ͠ɺফඅ
ऀ͕ফඅྔ c(t)Λίϯτϩʔϧ͢Δ͜ͱͰ࠷େԽ͍ͨ͠໨తؔ਺͸࣍ͷΑ͏ʹද͞Δɻ
∫ +∞
0
u(c(t))L(t)e−ρtdt ∀t > 0 (21)
͜ͷ໨తؔ਺͸ɺ(13)Λߟྀ͢Ε͹ɺ࣍ͷΑ͏ʹͳΔɻ
L(0)
∫ +∞
0
u(c(t))e−(ρ−η)tdt ∀t > 0 (22)
͜͜Ͱ͞Βʹ࣍ͷΑ͏ͳԾఆΛஔ͘ɻ
ρ > η (23)
͜Ε͸ɺ૯ޮ༻͕༗ݶͷ஋ʹऩଋ͢ΔͨΊʹඞཁͱ͞ΕΔ৚݅Ͱ͋Δɻͳ͓ɺ໨తؔ਺ͷલʹ͋Δ L(0) > 0
ͱ͍͏ఆ਺͸ɺbehaviorʹ͸ແؔ܎ͳͷͰɺແࢹͯ͠ߏΘͳ͍ɻ*1
͕ͨͬͯ͠ɺ͜ͷ࠷దԽ໰୊ͷఆࣜԽ͸࣍ͷΑ͏ʹͳΔɻ
max
c(t)
∫ +∞
0
u(c(t))e−(ρ−η)tdt (24)
s.t. k˙ = −(δ + η)k(t)− c(t), (25)
k(0) = K0, c(t) ≧ 0 ∀t > 0 (26)
஫ҙ͢΂͖͜ͱ͸ɺ੍໿ࣜͷ࠷ޙͷ෦෼͸࣍Λ΋ҙຯ͢Δͱ͍͏͜ͱͰ͋Δɻ
lim
t→ ∞
c(t) ≧ 0 (27)
2.3 ܦৗՁ஋ i Lagrangian
͜ͷ໰୊Λղͨ͘Ίʹ͜͜Ͱ࣍ͷΑ͏ͳؔ਺Λఆٛ͢Δɻ
L(c(t), k(t), λ(t), µ(t)) := u(c(t)) + λ(t) (f(k(t))− c(t)− (δ + η)k(t)) + µ(t)c(t) (28)
͜Ε͸ܦৗՁ஋ dynamic Lagrangi n (current value dynamic Lagrangian)ͱݺ͹ΕΔఆࣜԽͰ͋Δɻ͜͜
Ͱ c(t)͸੍ޚม਺ (control variable)*2ɺk(t)͸ঢ়ଶม਺ (state variable)ɺλ(t)͓Αͼ µ(t)͸ਵ൐ঢ়ଶม਺
(costate variable)Ͱ͋Δɻ
*1 ͋Δ͍͸ɺL(0) = 1ʹਖ਼نԽ͞Ε͍ͯΔͱ͍ͬͯ΋ྑ͍ɻ
*2 ม਺ͱ͍͏ΑΓ΋൚ؔ਺ (functional)Λߏ੒͢Δيಓͱ͍͏΂͖΋ͷ͕ͩɺ௨ৗͷ༻ޠʹै͏ɻҎԼ΋ಉ༷ɻ
3
　　　 
この目的関数は，⒀を考慮すれば，次のように
なる。
新古典派最適成長モデル ― 3 ―― 2 ―
(207)
ؒతޮ༻ؔ਺ u(c(t))ʹ͍ͭͯ͸࣍ΛԾఆ͢Δɻ
u : R −→ R ∈ C(2) (17)
u′(c) > 0 ∀c > 0 (18)
u′′(c) < 0 ∀c > 0 (19)
lim
c→0
u′(c) = +∞, lim
c→+∞
u′(c) = 0 (20)
͜ΕΒ͸ɺ͠͹͠͹ಛఆԽ͞ΕΔؔ਺ܗ͕ຬ͍ͨͯ͠Δ৚݅Ͱ͋Δɻಛʹ (20)ࣜ͸ɺҰਓ͋ͨΓϚΫϩੜ࢈
ؔ਺ʹ՝ͨ͠ͷͱಉ༷ͳ৚݅Ͱ͋ΓɺInada-like ৚݅ͱݺΜͰ͓͜͏ɻ
ফඅऀ͕কདྷফඅ͕΋ͨΒ͢ޮ༻ΛׂΓҾׂ͘Ҿ཰͸ ρ > 0ͷҰఆ஋Ͱ͋ΔͱԾఆ͢Δɻ͕ͨͬͯ͠ɺফඅ
ऀ͕ফඅྔ c(t)Λίϯτϩʔϧ͢Δ͜ͱͰ࠷େԽ͍ͨ͠໨తؔ਺͸࣍ͷΑ͏ʹද͞Δɻ
∫ +∞
0
u(c(t))L(t)e−ρtdt ∀t > 0 (21)
͜ͷ໨తؔ਺͸ɺ(13)Λߟྀ͢Ε͹ɺ࣍ͷΑ͏ʹͳΔɻ
L(0)
∫ +∞
0
u(c(t))e−(ρ−η)tdt ∀t > 0 (22)
͜͜Ͱ͞Βʹ࣍ͷΑ͏ͳԾఆΛஔ͘ɻ
ρ > η (23)
͜Ε͸ɺ૯ޮ༻͕༗ݶͷ஋ʹऩଋ͢ΔͨΊʹඞཁͱ͞ΕΔ৚݅Ͱ͋Δɻͳ͓ɺ໨తؔ਺ͷલʹ͋Δ L(0) > 0
ͱ͍͏ఆ਺͸ɺbehaviorʹ͸ແؔ܎ͳͷͰɺແࢹͯ͠ߏΘͳ͍ɻ*1
͕ͨͬͯ͠ɺ͜ͷ࠷దԽ໰୊ͷఆࣜԽ͸࣍ͷΑ͏ʹͳΔɻ
max
c(t)
∫ +∞
0
u(c(t))e−(ρ−η)tdt (24)
s.t. k˙ = −(δ + η)k(t)− c(t), (25)
k(0) = K0, c(t) ≧ 0 ∀t > 0 (26)
஫ҙ͢΂͖͜ͱ͸ɺ੍໿ࣜͷ࠷ޙͷ෦෼͸࣍Λ΋ҙຯ͢Δͱ͍͏͜ͱͰ͋Δɻ
lim
t→+∞
c(t) ≧ 0 (27)
2.3 ܦৗՁ஋ dynamic Lagrangian
͜ͷ໰୊Λղͨ͘Ίʹ͜͜Ͱ࣍ͷΑ͏ͳؔ਺Λఆٛ͢Δɻ
L(c(t), k(t), λ(t), µ(t)) := u(c(t)) + λ(t) (f(k(t))− c(t)− (δ + η)k(t)) + µ(t)c(t) (28)
͜Ε͸ܦৗՁ஋ dynamic Lagrangian (current value dynamic Lagrangian)ͱݺ͹ΕΔఆࣜԽͰ͋Δɻ͜͜
Ͱ c(t)͸੍ޚม਺ (control variable)*2ɺk(t)͸ঢ়ଶม਺ (state variable)ɺλ(t)͓Αͼ µ(t)͸ਵ൐ঢ়ଶม਺
(costate variable)Ͱ͋Δɻ
*1 ͋Δ͍͸ɺL(0) = 1ʹਖ਼نԽ͞Ε͍ͯΔͱ͍ͬͯ΋ྑ͍ɻ
*2 ม਺ͱ͍͏ΑΓ΋൚ؔ਺ (functional)Λߏ੒͢Δيಓͱ͍͏΂͖΋ͷ͕ͩɺ௨ৗͷ༻ޠʹै͏ɻҎԼ΋ಉ༷ɻ
3
　
ここでさらに次のような仮定を置く。
ؒతޮ༻ؔ਺ u(c(t))ʹ͍ͭͯ͸࣍ΛԾఆ͢Δɻ
u : R −→ R ∈ C(2) (17)
u′(c) > 0 ∀c > 0 (18)
u′′(c) < 0 ∀c > 0 (19)
lim
c→0
u′(c) = +∞, lim
c→+∞
u′(c) = 0 (20)
͜ΕΒ͸ɺ͠͹͠͹ಛఆԽ͞ΕΔؔ਺ܗ͕ຬ͍ͨͯ͠Δ৚݅Ͱ͋Δɻಛʹ (20)ࣜ͸ɺҰਓ͋ͨΓϚΫϩੜ࢈
ؔ਺ʹ՝ͨ͠ͷͱಉ༷ͳ৚݅Ͱ͋ΓɺInada-like ৚݅ͱݺΜͰ͓͜͏ɻ
ফඅऀ͕কདྷফඅ͕΋ͨΒ͢ޮ༻ΛׂΓҾׂ͘Ҿ཰͸ ρ > 0ͷҰఆ஋Ͱ͋ΔͱԾఆ͢Δɻ͕ͨͬͯ͠ɺফඅ
ऀ͕ফඅྔ c(t)Λίϯτϩʔϧ͢Δ͜ͱͰ࠷େԽ͍ͨ͠໨తؔ਺͸࣍ͷΑ͏ʹද͞Δɻ
∫ +∞
0
u(c(t))L(t)e−ρtdt ∀t > 0 (21)
͜ͷ໨తؔ਺͸ɺ(13)Λߟྀ͢Ε͹ɺ࣍ͷΑ͏ʹͳΔɻ
L(0)
∫ +∞
0
u(c(t))e−(ρ−η)tdt ∀t > 0 (22)
͜͜Ͱ͞Βʹ࣍ͷΑ͏ͳԾఆΛஔ͘ɻ
ρ > η (23)
͜Ε͸ɺ૯ޮ༻͕༗ݶͷ஋ʹऩଋ͢ΔͨΊʹඞཁͱ͞ΕΔ৚݅Ͱ͋Δɻͳ͓ɺ໨తؔ਺ͷલʹ͋Δ L(0) > 0
ͱ͍͏ఆ਺͸ɺbehaviorʹ͸ແؔ܎ͳͷͰɺແࢹͯ͠ߏΘͳ͍ɻ*1
͕ͨͬͯ͠ɺ͜ͷ࠷దԽ໰୊ͷఆࣜԽ͸࣍ͷΑ͏ʹͳΔɻ
max
c(t)
∫ +∞
0
u(c(t))e−(ρ−η)tdt (24)
s.t. k˙ = −(δ + η)k(t)− c(t), (25)
k(0) = K0, c(t) ≧ 0 ∀t > 0 (26)
஫ҙ͢΂͖͜ͱ͸ɺ੍໿ࣜͷ࠷ޙͷ෦෼͸࣍Λ΋ҙຯ͢Δͱ͍͏͜ͱͰ͋Δɻ
lim
t→+∞
c(t) ≧ 0 (27)
2.3 ܦৗՁ஋ dynamic Lagrangian
͜ͷ໰୊Λղͨ͘Ίʹ͜͜Ͱ࣍ͷΑ͏ͳؔ਺Λఆٛ͢Δɻ
L(c(t), k(t), λ(t), µ(t)) := u(c(t)) + λ(t) (f(k(t))− c(t)− (δ + η)k(t)) + µ(t)c(t) (28)
͜Ε͸ܦৗՁ஋ dynamic Lagrangian (current value dynamic Lagrangian)ͱݺ͹ΕΔఆࣜԽͰ͋Δɻ͜͜
Ͱ c(t)͸੍ޚม਺ (control variable)*2ɺk(t)͸ঢ়ଶม਺ (state variable)ɺλ(t)͓Αͼ µ(t)͸ਵ൐ঢ়ଶม਺
(costate variable)Ͱ͋Δɻ
*1 ͋Δ͍͸ɺL(0) = 1ʹਖ਼نԽ͞Ε͍ͯΔͱ͍ͬͯ΋ྑ͍ɻ
*2 ม਺ͱ͍͏ΑΓ΋൚ؔ਺ (functional)Λߏ੒͢Δيಓͱ͍͏΂͖΋ͷ͕ͩɺ௨ৗͷ༻ޠʹै͏ɻҎԼ΋ಉ༷ɻ
3
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これは，総効用が有限の値に収束するために必
要とされる条件である。なお，目的関数の前に
あるL（0）> 0 という定数は，behaviorには無関
係なので，無視して構わない。＊ 1
したがって，この最適化問題の定式化は次の
ようになる。
ؒతޮ༻ؔ਺ u(c(t))ʹ͍ͭͯ͸࣍ΛԾఆ͢Δɻ
u : R −→ R ∈ C(2) (17)
u′(c) > 0 ∀c > 0 (18)
u′′(c) < 0 ∀c > 0 (19)
lim
c→0
u′(c) = +∞, lim
c→+∞
u′(c) = 0 (20)
͜ΕΒ͸ɺ͠͹͠͹ಛఆԽ͞ΕΔؔ਺ܗ͕ຬ͍ͨͯ͠Δ৚݅Ͱ͋Δɻಛʹ (20)ࣜ͸ɺҰਓ͋ͨΓϚΫϩੜ࢈
ؔ਺ʹ՝ͨ͠ͷͱಉ༷ͳ৚݅Ͱ͋ΓɺInada-like ৚݅ͱݺΜͰ͓͜͏ɻ
ফඅऀ͕কདྷফඅ͕΋ͨΒ͢ޮ༻ΛׂΓҾׂ͘Ҿ཰͸ ρ > 0ͷҰఆ஋Ͱ͋ΔͱԾఆ͢Δɻ͕ͨͬͯ͠ɺফඅ
ऀ͕ফඅྔ c(t)Λίϯτϩʔϧ͢Δ͜ͱͰ࠷େԽ͍ͨ͠໨తؔ਺͸࣍ͷΑ͏ʹද͞Δɻ
∫ +∞
0
u(c(t))L(t)e−ρtdt ∀t > 0 (21)
͜ͷ໨తؔ਺͸ɺ(13)Λߟྀ͢Ε͹ɺ࣍ͷΑ͏ʹͳΔɻ
L(0)
∫ +∞
0
u(c(t))e−(ρ−η)tdt ∀t > 0 (22)
͜͜Ͱ͞Βʹ࣍ͷΑ͏ͳԾఆΛஔ͘ɻ
ρ > η (23)
Ε͸ɺ૯ޮ༻͕༗ݶͷ஋ʹऩଋ͢ΔͨΊʹඞཁͱ͞ΕΔ৚݅Ͱ͋Δɻͳ͓ɺ໨తؔ਺ͷલʹ͋Δ L(0) > 0
ͱ͍͏ఆ਺͸ɺbehaviorʹ͸ແؔ܎ͳͷͰɺແࢹͯ͠ߏΘͳ͍ɻ*1
͕ͨͬͯ͠ɺ͜ͷ࠷దԽ໰୊ͷఆࣜԽ͸࣍ͷΑ͏ʹͳΔɻ
max
c(t)
∫ +∞
0
u(c(t))e−(ρ−η)tdt (24)
s.t. k˙ = −(δ + η)k(t)− c(t), (25)
k(0) = K0, c(t) ≧ 0 ∀t > 0 (26)
஫ҙ͢΂͖͜ͱ͸ɺ੍໿ࣜͷ࠷ޙͷ෦෼͸࣍Λ΋ҙຯ͢Δͱ͍͏͜ͱͰ͋Δɻ
lim
t→+∞
c(t) ≧ 0 (27)
2.3 ܦৗՁ஋ dynamic Lagrangian
͜ͷ໰୊Λղͨ͘Ίʹ͜͜Ͱ࣍ͷΑ͏ͳؔ਺Λఆٛ͢Δɻ
L(c(t), k(t), λ(t), µ(t)) := u(c(t) + λ(t) (f(k t))− c(t)− (δ + η)k(t)) + µ(t)c(t) (28)
͜Ε͸ܦৗՁ஋ dynamic Lagrangian (current value dynamic Lagrangian)ͱݺ͹ΕΔఆࣜԽͰ͋Δɻ͜͜
Ͱ c(t)͸੍ޚม਺ (control variable)*2ɺk(t)͸ঢ়ଶม਺ (state variable)ɺλ(t)͓Αͼ µ(t)͸ਵ൐ঢ়ଶม਺
(costate variable)Ͱ͋Δɻ
*1 ͋Δ͍͸ɺL(0) = 1ʹਖ਼نԽ͞Ε͍ͯΔͱ͍ͬͯ΋ྑ͍ɻ
*2 ม਺ͱ͍͏ΑΓ΋൚ؔ਺ (functional)Λߏ੒͢Δيಓͱ͍͏΂͖΋ͷ͕ͩɺ௨ৗͷ༻ޠʹै͏ɻҎԼ΋ಉ༷ɻ
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ؒతޮ༻ؔ਺ u(c(t))ʹ͍ͭͯ͸࣍ΛԾఆ͢Δɻ
u : R −→ R ∈ C(2) (17)
u′(c) > 0 ∀c > 0 (18)
u′′(c) < 0 ∀c > 0 (19)
lim
c→0
u′(c) = +∞, lim
c→+∞
u′(c) = 0 (20)
͜ΕΒ͸ɺ͠͹͠͹ಛఆԽ͞ΕΔؔ਺ܗ͕ຬ͍ͨͯ͠Δ৚݅Ͱ͋Δɻಛʹ (20)ࣜ͸ɺҰਓ͋ͨΓϚΫϩੜ࢈
ؔ਺ʹ՝ͨ͠ͷͱಉ༷ͳ৚݅Ͱ͋ΓɺInada-like ৚݅ͱݺΜͰ͓͜͏ɻ
ফඅऀ͕কདྷফඅ͕΋ͨΒ͢ޮ༻ΛׂΓҾׂ͘Ҿ཰͸ ρ > 0ͷҰఆ஋Ͱ͋ΔͱԾఆ͢Δɻ͕ͨͬͯ͠ɺফඅ
ऀ͕ফඅྔ c(t)Λίϯτϩʔϧ͢Δ͜ͱͰ࠷େԽ͍ͨ͠໨తؔ਺͸࣍ͷΑ͏ʹද͞Δɻ
∫ +∞
0
u(c(t))L(t)e−ρtdt ∀t > 0 (21)
͜ͷ໨తؔ਺͸ɺ(13)Λߟྀ͢Ε͹ɺ࣍ͷΑ͏ʹͳΔɻ
L(0)
∫ +∞
0
u(c(t))e−(ρ−η)tdt ∀t > 0 (22)
͜͜Ͱ͞Βʹ࣍ͷΑ͏ͳԾఆΛஔ͘ɻ
ρ > η (23)
͜Ε͸ɺ૯ޮ༻͕༗ݶͷ஋ʹऩଋ͢ΔͨΊʹඞཁͱ͞ΕΔ৚݅Ͱ͋Δɻͳ͓ɺ໨తؔ਺ͷલʹ͋Δ L(0) > 0
ͱ͍͏ఆ਺͸ɺbehaviorʹ͸ແؔ܎ͳͷͰɺແࢹͯ͠ߏΘͳ͍ɻ*1
͕ͨͬͯ͠ɺ͜ͷ࠷దԽ໰୊ͷఆࣜԽ͸࣍ͷΑ͏ʹͳΔɻ
max
c(t)
∫ +∞
0
u(c(t))e−(ρ−η)tdt (24)
s.t. k˙ = −(δ + η)k(t)− c(t), (25)
k(0) = K0, c(t) ≧ 0 ∀t > 0 (26)
஫ҙ͢΂͖͜ͱ͸ɺ੍໿ࣜͷ࠷ޙͷ෦෼͸࣍Λ΋ҙຯ͢Δͱ͍͏͜ͱͰ͋Δɻ
lim
t→+∞
c(t) ≧ 0 (27)
2.3 ܦৗՁ஋ dynamic Lagrangian
͜ͷ໰୊Λղͨ͘Ίʹ͜͜Ͱ࣍ͷΑ͏ͳؔ਺Λఆٛ͢Δɻ
L(c(t), k(t), λ(t), µ(t)) := u(c(t)) + λ(t) (f(k(t))− c(t)− (δ + η)k(t)) + µ(t)c(t) (28)
͜Ε͸ܦৗՁ஋ dynamic Lagrangian (current value dynamic Lagrangian)ͱݺ͹ΕΔఆࣜԽͰ͋Δɻ͜͜
Ͱ c(t)͸੍ޚม਺ (control variable)*2ɺk(t)͸ঢ়ଶม਺ (state variable)ɺλ(t)͓Αͼ µ(t)͸ਵ൐ঢ়ଶม਺
(costate variable)Ͱ͋Δɻ
*1 ͋Δ͍͸ɺL(0) = 1ʹਖ਼نԽ͞Ε͍ͯΔͱ͍ͬͯ΋ྑ͍ɻ
*2 ม਺ͱ͍͏ΑΓ΋൚ؔ਺ (functional)Λߏ੒͢Δيಓͱ͍͏΂͖΋ͷ͕ͩɺ௨ৗͷ༻ޠʹै͏ɻҎԼ΋ಉ༷ɻ
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ؒతޮ༻ؔ਺ u(c(t))ʹ͍ͭͯ͸࣍ΛԾఆ͢Δɻ
u : R − R ∈ C(2) (17)
u′(c) > 0 ∀c > 0 (18)
u′′(c) < 0 ∀c > 0 (19)
lim
c→0
u′(c) = +∞, lim
c→+∞
u′(c) = 0 (20)
͜ΕΒ͸ɺ͠͹͠͹ಛఆԽ͞ΕΔؔ਺ܗ͕ຬ͍ͨͯ͠Δ৚݅Ͱ͋Δɻಛʹ (20)ࣜ͸ɺҰਓ͋ͨΓϚΫϩੜ࢈
ؔ਺ʹ՝ͨ͠ͷͱಉ༷ͳ৚݅Ͱ͋ΓɺInada-like ৚݅ͱݺΜͰ͓͜͏ɻ
ফඅऀ͕কདྷফඅ͕΋ͨΒ͢ޮ༻ΛׂΓҾׂ͘Ҿ཰͸ ρ > 0ͷҰఆ஋Ͱ͋ΔͱԾఆ͢ ͕ͨͬͯ͠ɺফඅ
ऀ͕ফඅྔ c(t)Λίϯτϩʔϧ͢Δ͜ͱͰ࠷େԽ͍ͨ͠໨తؔ਺͸࣍ͷΑ͏ʹද͞Δɻ
∫ +∞
0
u(c(t))L(t)e−ρtdt ∀t > 0 (21)
͜ͷ໨తؔ਺͸ɺ(13)Λߟྀ͢Ε͹ɺ࣍ͷΑ͏ʹͳΔɻ
L(0)
∫ +∞
0
u(c(t))e−(ρ−η)tdt ∀t > 0 (22)
͜͜Ͱ͞Βʹ࣍ͷΑ͏ͳԾఆΛஔ͘ɻ
ρ > η (23)
͜Ε͸ɺ૯ޮ༻͕༗ݶͷ஋ʹऩଋ͢ΔͨΊʹඞཁͱ͞ΕΔ৚݅Ͱ͋Δɻͳ͓ɺ໨తؔ਺ͷલʹ͋Δ L(0) > 0
ͱ͍͏ఆ਺͸ɺbehaviorʹ͸ແؔ܎ͳͷͰɺແࢹͯ͠ߏΘͳ͍ɻ*1
͕ͨͬͯ͠ɺ͜ͷ࠷దԽ໰୊ͷఆࣜԽ͸࣍ͷΑ͏ʹͳΔɻ
max
c(t)
∫ +∞
0
u(c(t))e−(ρ−η)tdt (24)
s.t. k˙ = −(δ + η)k(t)− c(t), (25)
k(0) = K0, c(t) ≧ 0 ∀t > 0 (26)
஫ҙ͢΂͖͜ͱ͸ɺ੍໿ࣜͷ࠷ޙͷ෦෼͸࣍Λ΋ҙຯ͢Δͱ͍͏͜ͱͰ͋Δɻ
lim
t→+∞
c(t) ≧ 0 (27)
2.3 ܦৗՁ஋ dynamic Lagrangian
͜ͷ໰୊Λղͨ͘Ίʹ͜͜Ͱ࣍ͷΑ͏ͳؔ਺Λఆٛ͢Δɻ
L(c(t), k(t), λ(t), µ(t)) := u(c(t)) + λ(t) (f(k(t))− c(t)− (δ + η)k(t)) + µ(t)c(t) (28)
͜Ε͸ܦৗՁ஋ dynamic Lagrangian (current value dynamic Lagrangian)ͱݺ͹ΕΔఆࣜԽͰ͋Δɻ͜͜
Ͱ c(t)͸੍ޚม਺ (control variable)*2ɺk(t)͸ঢ়ଶม਺ (state variable)ɺλ(t)͓Αͼ µ(t)͸ਵ൐ঢ়ଶม਺
(costate variable)Ͱ͋Δɻ
*1 ͋Δ͍͸ɺL(0) = 1ʹਖ਼نԽ͞Ε͍ͯΔͱ͍ͬͯ΋ྑ͍ɻ
*2 ม਺ͱ͍͏ΑΓ΋൚ؔ਺ (functional)Λߏ੒͢Δيಓͱ͍͏΂͖΋ͷ͕ͩɺ௨ৗͷ༻ޠʹै͏ɻҎԼ΋ಉ༷ɻ
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注意すべきことは，制約式の最後の部分は次を
も意味するということである。
ؒతޮ༻ؔ਺ u(c(t))ʹ͍ͭͯ͸࣍ΛԾఆ͢Δɻ
u : R −→ R ∈ C(2) (17)
u′(c) > 0 ∀c > 0 (18)
u′′(c) < 0 ∀ > 0 (19)
lim
c→0
u′(c) = +∞, lim
c→+∞
u′(c) = 0 (20)
͜ΕΒ͸ɺ͠͹ ͹ಛఆԽ͞ΕΔؔ਺ܗ͕ຬ͍ͨͯ͠Δ৚݅Ͱ͋Δɻಛʹ (20)ࣜ͸ɺҰਓ͋ͨΓϚΫϩੜ࢈
ؔ਺ʹ՝ͨ͠ͷͱಉ༷ͳ৚݅Ͱ͋ΓɺInada-like ৚݅ͱݺΜͰ͓͜͏ɻ
ফඅ কདྷফඅ͕΋ͨΒ͢ޮ༻ΛׂΓҾׂ͘Ҿ཰͸ ρ > 0ͷҰఆ஋Ͱ͋ΔͱԾఆ͢Δɻ͕ͨͬͯ͠ɺফඅ
ऀ͕ফඅྔ c(t)Λίϯτϩʔϧ͢Δ͜ͱͰ࠷େԽ͍ͨ͠໨తؔ਺͸࣍ͷΑ͏ʹද͞Δɻ
∫ +∞
0
u(c(t))L(t)e−ρtdt ∀t > 0 (21)
ͷ໨తؔ਺͸ɺ(13)Λߟྀ͢Ε͹ɺ࣍ͷΑ͏ʹͳΔɻ
L(0)
∫ +∞
0
u(c(t))e−(ρ−η)tdt ∀t > 0 (22)
͜͜Ͱ͞Βʹ࣍ͷΑ͏ͳԾఆΛஔ͘ɻ
ρ η (23)
͜Ε͸ɺ૯ޮ༻͕༗ݶͷ஋ʹऩଋ͢ΔͨΊʹඞཁͱ͞ΕΔ৚݅Ͱ͋Δ ͳ͓ɺ໨తؔ਺ͷલʹ͋Δ L(0) > 0
ͱ͍͏ఆ਺͸ɺbehaviorʹ͸ແؔ܎ͳͷͰɺແࢹͯ͠ߏΘͳ͍ɻ*1
͕ͨͬͯ͠ɺ͜ͷ࠷దԽ໰୊ͷఆࣜԽ͸࣍ͷΑ͏ʹͳΔɻ
max
c(t)
∫ +∞
0
u(c(t))e−(ρ−η)tdt (24)
s.t. k˙ = −(δ + η)k(t)− c(t), (25)
k(0) = K0, c(t) ≧ 0 ∀t > 0 (26)
஫ҙ͢΂͖͜ͱ͸ɺ੍໿ࣜͷ࠷ޙͷ෦෼͸࣍Λ΋ҙຯ͢Δͱ͍͏͜ͱͰ͋Δɻ
lim
t→+∞
c(t) ≧ 0 (27)
2.3 ܦৗՁ஋ dynamic Lagrangian
͜ͷ໰୊Λղͨ͘Ίʹ͜͜Ͱ࣍ͷΑ͏ͳؔ਺Λఆٛ͢Δɻ
L(c(t), k(t), λ(t), µ(t)) := u(c(t)) + λ(t) (f(k(t))− c(t)− (δ + η)k(t)) + µ(t)c(t) (28)
͜Ε͸ܦৗՁ஋ dynamic Lagrangi n (current value dynamic Lagrangian)ͱݺ͹ΕΔఆࣜԽͰ͋Δɻ͜͜
Ͱ c(t)͸੍ޚม਺ (control variable)*2ɺk(t)͸ঢ়ଶม਺ (state variable)ɺλ(t)͓Αͼ µ(t)͸ਵ൐ঢ়ଶม਺
(costate variable)Ͱ͋Δɻ
*1 ͋Δ͍͸ɺL(0) = 1ʹਖ਼نԽ͞Ε͍ͯΔͱ͍ͬͯ΋ྑ͍ɻ
*2 ม਺ͱ͍͏ΑΓ΋൚ؔ਺ (functional)Λߏ੒͢Δيಓͱ͍͏΂͖΋ͷ͕ͩɺ௨ৗͷ༻ޠʹै͏ɻҎԼ΋ಉ༷ɻ
3
　　　　　　　　　　　　
2 . 3 　経常価値 dynamic Lagrangian
この問題を解くためにここで次のような関数
を定義する。
ؒతޮ༻ؔ਺ u(c(t))ʹ͍ͭͯ͸࣍ΛԾఆ͢Δɻ
u : R −→ R ∈ C(2) (17)
u′(c) > 0 ∀c > 0 (18)
u′′(c) < 0 ∀c > 0 (19)
lim
c→0
u′(c) = +∞, lim
c→+∞
u′(c) = 0 (20)
͜ΕΒ͸ɺ ͹͠͹ಛఆԽ͞ΕΔؔ਺ܗ͕ຬ͍ͨͯ͠Δ৚݅Ͱ Δɻಛʹ (20)ࣜ͸ɺҰਓ͋ͨΓϚΫϩੜ࢈
ؔ਺ʹ՝ͨ͠ͷͱಉ༷ͳ৚݅Ͱ͋ΓɺInada-like ৚݅ ݺΜͰ͓͜͏ɻ
ফඅऀ͕কདྷফඅ͕΋ͨΒ͢ޮ༻ΛׂΓҾׂ͘Ҿ཰͸ ρ > 0ͷҰఆ஋Ͱ͋ΔͱԾఆ͢Δɻ͕ͨͬͯ͠ɺফඅ
ऀ͕ফඅྔ c(t)Λίϯτϩʔϧ͢Δ͜ͱͰ࠷େԽ͍ͨ͠໨తؔ਺͸࣍ͷΑ͏ʹද͞Δɻ
∫ +∞
0
u(c(t))L(t)e−ρtdt ∀t > 0 (21)
͜ͷ໨తؔ਺͸ɺ(13)Λߟྀ͢Ε͹ɺ࣍ͷΑ͏ʹͳΔɻ
L(0)
∫ +∞
0
u(c(t))e−(ρ−η)tdt ∀t > 0 (22)
͜͜Ͱ͞Βʹ࣍ͷΑ͏ͳԾఆΛஔ͘ɻ
ρ > η (23)
͜Ε͸ɺ૯ޮ༻͕༗ݶͷ஋ʹऩଋ͢ΔͨΊʹඞཁͱ͞ΕΔ৚݅Ͱ͋Δɻͳ͓ɺ໨తؔ਺ͷલʹ͋Δ L(0) > 0
ͱ͍͏ఆ਺͸ɺbehaviorʹ͸ແؔ܎ͳͷͰɺແࢹͯ͠ߏΘͳ͍ɻ*1
͕ͨͬͯ͠ɺ͜ͷ࠷దԽ໰୊ͷఆࣜԽ͸࣍ͷΑ͏ʹͳΔɻ
max
c(
∫ +∞
0
u(c(t))e−(ρ−η)tdt (24)
s.t. k˙ = −(δ + η)k(t)− c(t), (25)
k(0) = K0, c(t) ≧ 0 ∀t > 0 (26)
஫ҙ͢΂͖͜ͱ͸ɺ੍໿ࣜͷ࠷ޙͷ෦෼͸࣍Λ΋ҙຯ͢Δͱ͍͏͜ͱͰ͋Δɻ
lim
t→+∞
c(t) ≧ 0 (27)
2.3 ܦৗՁ஋ dynamic Lagrangian
͜ ໰୊Λղͨ͘Ίʹ͜͜Ͱ࣍ͷΑ͏ͳؔ਺Λఆٛ͢Δɻ
L(c(t), k(t), λ(t), µ(t)) := u(c(t)) + λ(t) (f(k(t))− c(t)− (δ + η)k(t)) + µ(t)c(t) (28)
͜Ε͸ܦৗՁ஋ dynamic Lagrangian (current value dynamic Lagrangian)ͱݺ͹ΕΔఆࣜԽͰ͋Δɻ͜͜
Ͱ c(t)͸੍ޚม਺ (control variable)*2ɺk(t)͸ঢ়ଶม਺ (state variable)ɺλ(t)͓Αͼ µ(t)͸ਵ൐ঢ়ଶม਺
(costate variable)Ͱ͋Δɻ
*1 ͋Δ͍͸ɺL(0) = 1ʹਖ਼نԽ͞Ε͍ͯΔͱ͍ͬͯ΋ྑ͍ɻ
*2 ม਺ͱ͍͏ΑΓ΋൚ؔ਺ (functional)Λߏ੒͢Δيಓͱ͍͏΂͖ ͷ͕ͩɺ௨ৗͷ༻ޠʹै͏ɻҎԼ΋ಉ༷ɻ
3
　
ؒతޮ༻ؔ਺ u(c(t))ʹ͍ͭͯ͸࣍ΛԾఆ͢Δɻ
u : R −→ R ∈ C(2) (17)
u′(c) > 0 ∀c > 0 (18)
u′′(c) < 0 ∀c > 0 (19)
lim
c→0
u′(c) = +∞, lim
c→+∞
u′(c) = 0 (20)
͜ΕΒ͸ɺ͠͹͠͹ಛఆԽ͞ΕΔؔ਺ܗ͕ຬ͍ͨͯ͠Δ৚݅Ͱ͋Δɻಛʹ (20)ࣜ͸ɺҰਓ͋ͨΓϚΫϩੜ࢈
ؔ਺ʹ՝ͨ͠ͷͱಉ༷ͳ৚݅Ͱ͋ΓɺInada-like ৚݅ͱݺΜͰ͓͜͏ɻ
ফඅऀ͕কདྷফඅ͕΋ͨΒ͢ޮ༻ΛׂΓҾׂ͘Ҿ཰ ρ > 0ͷҰఆ஋Ͱ͋ΔͱԾఆ͢Δɻ͕ͨͬͯ͠ɺফඅ
ऀ͕ফඅྔ c(t)Λίϯτϩʔϧ͢Δ͜ͱͰ࠷େԽ͍ͨ͠໨తؔ਺͸࣍ͷΑ͏ʹද͞Δɻ
∫ +∞
0
u(c(t))L(t)e−ρtdt ∀t > 0 (21)
͜ͷ໨తؔ਺͸ɺ(13)Λߟྀ͢Ε͹ɺ࣍ͷΑ͏ʹͳΔɻ
L(0)
∫ +∞
0
u(c(t))e−(ρ−η)tdt ∀t > 0 (22)
͜͜Ͱ͞Βʹ࣍ͷΑ͏ͳԾఆΛஔ͘ɻ
ρ > η (23)
͜Ε͸ ૯ޮ༻͕༗ݶͷ஋ʹऩଋ͢ΔͨΊʹඞཁͱ͞ΕΔ৚݅Ͱ͋Δɻͳ͓ɺ໨తؔ਺ͷલʹ͋Δ L(0) > 0
ͱ͍͏ఆ਺͸ɺbehaviorʹ ແؔ܎ͳͷͰɺແࢹͯ͠ߏΘͳ͍ɻ*1
͕ͨͬͯ͠ɺ͜ͷ࠷దԽ໰୊ͷఆࣜԽ͸࣍ͷΑ͏ʹͳΔɻ
max
c(t)
∫ +∞
0
u(c(t )e−(ρ−η)tdt (24)
s.t. k˙ = −(δ + η)k(t)− c(t), (25)
k(0) = K0, c(t) ≧ 0 ∀t > 0 (26)
஫ҙ͢΂͖͜ͱ͸ɺ੍໿ࣜͷ࠷ޙͷ෦෼͸࣍Λ΋ҙຯ͢Δͱ͍͏͜ͱͰ͋Δɻ
lim
t→+∞
c(t) ≧ 0 (27)
2.3 ܦৗՁ஋ dynamic Lagrangia
͜ͷ໰୊Λղͨ͘Ίʹ͜͜Ͱ࣍ͷΑ͏ͳؔ਺Λఆٛ͢Δɻ
L c(t), k(t), λ(t), µ t)) := u(c(t)) + λ(t) (f(k(t))− c(t)− (δ + η)k(t)) + µ(t)c(t) (28)
͜Ε͸ܦৗՁ஋ dynamic Lagrangian (current value dynamic Lagrangian)ͱݺ͹ΕΔఆࣜԽͰ͋Δɻ͜͜
Ͱ c(t)͸੍ޚม਺ (control variable)*2ɺk(t)͸ঢ়ଶม਺ (state variable)ɺλ(t)͓Αͼ µ(t)͸ਵ൐ঢ়ଶม਺
(costate variable)Ͱ͋Δɻ
*1 ͋Δ͍͸ɺL(0) = 1ʹਖ਼نԽ͞Ε͍ͯΔͱ͍ͬͯ΋ྑ͍ɻ
*2 ม਺ͱ͍͏ΑΓ΋൚ؔ਺ (functional)Λߏ੒͢Δيಓͱ͍͏΂͖΋ͷ͕ͩɺ௨ৗͷ༻ޠʹै͏ɻҎԼ΋ಉ༷ɻ
3
　
ؒతޮ༻ؔ਺ u(c(t))ʹ͍ͭͯ͸࣍ΛԾ ͢Δɻ
u : R −→ R ∈ C(2) (17)
u′(c) > 0 ∀c > 0 (18)
u′′(c) < 0 ∀c > 0 (19)
lim
c→0
u′(c) = +∞, lim
c→+∞
u′(c) = 0 (20)
͜ΕΒ͸ɺ͠͹͠͹ಛఆԽ͞ΕΔؔ਺ܗ͕ຬ͍ͨͯ͠Δ৚݅Ͱ͋Δɻಛʹ (20)ࣜ͸ɺҰਓ͋ͨΓϚΫϩੜ࢈
ؔ਺ʹ՝ͨ͠ͷͱಉ༷ͳ৚݅Ͱ͋ΓɺInada-like ৚݅ͱݺΜͰ͓͜͏ɻ
ফඅऀ͕কདྷফඅ͕΋ͨΒ͢ޮ༻ΛׂΓҾׂ͘Ҿ཰͸ ρ > 0ͷҰఆ஋Ͱ͋ΔͱԾఆ͢Δɻ͕ͨͬͯ͠ɺফඅ
ऀ͕ফඅྔ c(t)Λίϯτϩʔϧ͢Δ͜ͱͰ࠷େԽ͍ͨ͠໨తؔ਺͸࣍ͷΑ͏ʹද͞Δɻ
∫ +∞
0
u(c(t))L(t)e−ρtdt ∀t > 0 (21)
͜ͷ໨తؔ਺͸ɺ(13)Λߟྀ͢Ε͹ɺ࣍ͷΑ͏ʹͳΔɻ
L(0)
∫ +∞
0
u(c(t))e−(ρ−η)tdt ∀t > 0 (22)
͜͜Ͱ͞Βʹ࣍ͷΑ͏ͳԾఆΛஔ͘ɻ
ρ > η (23)
͜Ε͸ɺ૯ޮ༻͕༗ݶͷ஋ʹऩଋ͢ΔͨΊʹඞཁͱ͞ΕΔ৚݅Ͱ͋Δɻͳ͓ɺ໨తؔ਺ͷલʹ͋Δ L(0) > 0
ͱ͍͏ఆ਺͸ɺbehaviorʹ͸ແؔ܎ͳͷͰɺແࢹͯ͠ߏΘͳ͍ɻ*1
͕ͨͬͯ͠ɺ͜ͷ࠷దԽ໰୊ͷఆࣜԽ͸࣍ͷΑ͏ʹͳΔɻ
max
c(t)
∫ +∞
0
u(c(t))e−(ρ−η)tdt (24)
s.t. k˙ = −(δ + η)k(t)− c(t), (25)
k(0) = K0, c(t) ≧ 0 ∀t > 0 (26)
஫ҙ͢΂͖͜ͱ͸ɺ੍໿ࣜͷ࠷ޙͷ෦෼͸࣍Λ΋ҙຯ͢Δͱ͍͏͜ͱͰ͋Δɻ
lim
t→+∞
c(t) ≧ 0 (27)
2.3 ܦৗՁ஋ dynamic Lagrangian
͜ͷ໰୊Λղͨ͘Ίʹ͜ Ͱ࣍ͷΑ͏ͳؔ਺Λఆٛ͢Δɻ
L(c(t), k(t), λ t), µ( )) := u(c( )) + λ(t) (f(k(t))− c(t)− (δ + η)k(t)) + µ(t)c(t) (28)
͜Ε͸ܦৗՁ஋ dynamic Lagrangian (current value dynamic Lagrangian)ͱݺ͹ΕΔఆࣜԽͰ͋Δɻ͜͜
Ͱ c(t)͸੍ޚม਺ (control variable)*2ɺk(t)͸ঢ়ଶม਺ (state variable)ɺλ(t)͓Αͼ µ(t)͸ਵ൐ঢ়ଶม਺
(costate variable)Ͱ͋Δɻ
*1 ͋Δ͍͸ɺL(0) = 1ʹਖ਼نԽ͞Ε͍ͯΔͱ͍ͬͯ΋ྑ͍ɻ
*2 ม਺ͱ͍͏ΑΓ΋൚ؔ਺ (functional)Λߏ੒͢Δيಓͱ͍͏΂͖΋ͷ͕ͩɺ௨ৗͷ༻ޠʹै͏ɻҎԼ΋ಉ༷ɻ
3
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これは経常価値dynamic Lagrangian（current 
value dynamic Lagrangian）と呼ばれる定式化で
ある。ここで c（t）は制御変数（control variable）＊2，
k（t）は状態変数（state variable），λ（t）および
μ（t）は随伴状態変数（costate variable）であ
る。
ここから，最適化のための必要条件を求める
と次を得る。͔͜͜Βɺ࠷దԽͷͨΊͷඞཁ৚݅ΛٻΊΔͱ࣍ΛಘΔɻ
∂
∂c(t)
L(c(t), k(t), λ(t), µ(t)) = u′(c(t))− λ(t) + µ(t) = 0 (29)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) = c(t) ≧ 0 (30)
µ(t) ≧ 0 (31)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) · µ(t) = c(t)µ(t) = 0 (32)
λ˙(t) = (ρ− η)λ(t)− ∂
∂k(t)
L(c(t), k(t), λ(t), µ(t)) = λ(t) (δ + η + (ρ− η)− f ′(k(t))) (33)
k˙(t) = ∂
∂λ(t)
L(c(t), k(t), λ(t), µ(t)) = f(k(t))− (δ + η) k(t)− c(t) (34)
k(0) = k0 ≡
K(0)
L(0)
(35)
͜ΕΒͷத ɺ(32)͸ɺফඅيಓͱͦΕʹର͢Δ shadow priceͷ૬ิεϥοΫੑΛҙຯ͍ͯ͠Δɻ͔͠͠ɺ
͢΂ͯͷ tʹؔͯ͠ c(t) = 0͸ܦࡁֶత implicationΑΓɺআ֎ͯ͠΋ྑ͍ɻ͕ͨͬͯ͠ɼ͕࣍ै͏ɻ
c(t) > 0 ∀t > 0 (36)
µ(t) = 0 ∀t > 0 (37)
࠷దԽͷे෼৚݅͸࣍ͷΑ͏ʹ؆୯ʹ֬ೝͰ͖Δɻ
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) = u′′(c(t)) < 0 (38)
∂2
∂k(t)2
L(c(t), k(t), λ(t), µ(t)) = λ(t)f ′′(k(t)) < 0 (39)
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) ∂
2
∂k(t)2
L(c(t), k(t), λ(t), µ(t))−
{(
∂2
∂k(t)c(t)
)}2
= λ(t)f ′′(k(t))u′′c(t) > 0 (40)
͜ͷ (38)-(40)ͷ৚݅Ͱɺdynamic Lagrangian͸ɺ੍ ޚม਺ c(t)ͱঢ়ଶม਺ k(t)ʹؔͯ͠ɺݫີʹԜ (strictly
concave)Ͱ͋Δ͜ͱ͕อূ͞Εͨɻ
3 ఆৗঢ়ଶ
3.1 ఆৗঢ়ଶͷੑ࣭
લ߲Ͱड़΂ͨɺඞཁ৚͔݅Βಋ͔ΕΔղيಓ k∗(t; δ, η, ρ), c∗(t; δ, η, ρ) ͸ͦΕͧΕɺ࣍ͷΑ͏ͳఆৗঢ়ଶ
(steady state)ʹؼண͢Δɻ
k∗(t; δ, η, ρ) −→ kS(δ, η, ρ) (t→ +∞) (41)
c∗(t; δ, η, ρ) −→ cS(δ, η, ρ) (t→ +∞) (42)
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͔͜͜Βɺ࠷దԽͷͨΊͷඞཁ৚݅ΛٻΊΔͱ࣍ΛಘΔɻ
∂
∂c(t)
L(c(t), k(t), λ(t), µ(t)) = u′(c(t))− λ(t) + µ(t) = 0 (29)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) = c(t) ≧ 0 (30)
µ(t) ≧ 0 (31)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) · µ(t) = c(t)µ(t) = 0 (32)
λ˙(t) = (ρ− η λ(t)− ∂
∂k(t)
(c(t), k(t), λ(t), µ(t)) = λ(t) (δ + η + (ρ− η)− f ′(k(t))) (33)
k˙(t) = ∂
∂λ(t)
L(c(t), k(t), λ(t), µ(t)) = f(k(t))− (δ + η) k(t)− c(t) (34)
k(0) = k0 ≡
K(0)
L(0)
(35)
͜ΕΒͷதͰɺ(32)͸ɺফඅيಓͱͦΕʹର͢Δ shadow priceͷ૬ิεϥοΫੑΛҙຯ͍ͯ͠Δɻ͔͠͠ɺ
͢΂ͯͷ tʹؔͯ͠ c(t) = 0͸ܦࡁֶత implicationΑΓɺআ֎ͯ͠΋ྑ͍ɻ͕ͨͬͯ͠ɼ͕࣍ै͏ɻ
c(t) > 0 ∀t > 0 (36)
µ(t) = 0 ∀t > 0 (37)
࠷దԽͷे෼৚݅͸࣍ͷΑ͏ʹ؆୯ʹ֬ೝͰ͖Δɻ
∂2
∂c(t 2
L(c(t), k(t), λ(t), µ(t ) = u′′(c(t)) < 0 (38)
∂2
∂k(t)2
L(c(t), k(t), λ(t), µ(t)) = λ(t)f ′′(k(t)) < 0 (39)
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) ∂
2
∂k(t)2
L(c(t), k(t), λ(t), µ(t))−
{(
∂2
∂k(t)c(t)
)}2
= λ(t)f ′′(k(t))u′′c(t) > 0 (40)
͜ͷ (38)-(40)ͷ৚݅Ͱɺdynamic Lagrangian͸ɺ੍ ޚม਺ c(t)ͱঢ়ଶม਺ k(t)ʹؔͯ͠ɺݫີʹԜ (strictly
concave)Ͱ͋Δ͜ͱ͕อূ͞Εͨɻ
3 ఆৗঢ়ଶ
3.1 ఆৗঢ়ଶͷੑ࣭
લ߲Ͱड़΂ͨɺඞཁ৚͔݅Βಋ͔ΕΔղيಓ k∗(t; δ, η, ρ), c∗(t; δ, η, ρ) ͸ͦΕͧΕɺ࣍ͷΑ͏ͳఆৗঢ়ଶ
(steady state)ʹؼண͢Δɻ
k∗(t; δ, η, ρ) −→ kS(δ, η, ρ) (t→ +∞) (41)
c∗(t; δ, η, ρ) −→ cS(δ, η, ρ) (t→ +∞) (42)
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͔͜͜Βɺ࠷దԽͷͨΊͷඞཁ৚݅ΛٻΊΔͱ࣍ΛಘΔɻ
∂
∂c(t)
L(c(t), k(t), λ(t), µ(t)) = u′(c(t))− λ(t) + µ(t) = 0 (29)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) = c(t) ≧ 0 ( 0)
µ(t) ≧ 0 (31)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) · µ(t) = c(t)µ(t) = 0 (32)
λ˙ t = (ρ− η)λ(t)− ∂
∂k(t)
L(c(t), k(t), λ(t), µ(t)) = λ(t (δ + η + (ρ− η)− f ′(k(t))) (33)
k˙(t) = ∂
∂λ(t)
L c(t), k(t), λ(t), µ(t)) = f(k(t))− (δ + η) k(t)− c(t) (34)
k(0) = k0 ≡
K(0)
L(0)
(35)
͜ΕΒͷதͰɺ(32)͸ɺফඅيಓͱͦΕʹର͢Δ shadow priceͷ૬ิεϥοΫੑΛҙຯ͍ͯ͠Δɻ͔͠͠ɺ
͢΂ͯͷ tʹؔͯ͠ c(t) = 0͸ܦࡁֶత implicationΑΓɺআ֎ͯ͠΋ྑ͍ɻ͕ͨͬͯ͠ɼ͕࣍ै͏ɻ
c(t) > 0 ∀t > 0 (36)
µ(t) = 0 ∀t > 0 (37)
࠷దԽͷे෼৚݅͸࣍ͷΑ͏ʹ؆୯ʹ֬ೝͰ͖Δɻ
∂2
∂c(t)2
L(c(t , k(t), λ(t), µ(t)) = u′′(c(t)) < 0 (38)
∂2
∂k(t)2
L(c(t), k(t), λ(t), µ(t)) = λ(t)f ′′(k(t)) < 0 (39)
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) ∂
2
∂k(t)2
L(c(t), k(t), λ(t), µ(t))−
{(
∂2
∂k(t)c(t)
)}2
= λ(t)f ′′(k(t))u′′c(t) > 0 (40)
͜ͷ (38)-(40)ͷ৚݅Ͱɺdynamic Lagrangian͸ɺ੍ ޚม਺ c(t)ͱঢ়ଶม਺ k(t)ʹؔͯ͠ɺݫີʹԜ (strictly
concave)Ͱ͋Δ͜ͱ͕อূ͞Εͨɻ
ఆ
3.1 ఆৗঢ়ଶͷੑ࣭
લ߲Ͱड़΂ͨɺඞཁ৚͔݅Βಋ͔ΕΔղيಓ k∗(t; δ, η, ρ), c∗(t; δ, η, ρ) ͸ͦΕͧΕɺ࣍ͷΑ͏ͳఆৗঢ়ଶ
(steady state)ʹؼண͢Δɻ
k∗(t; δ, η, ρ) kS(δ, η, ρ) (t ) (41)
c∗(t; δ, η, ρ −→ cS(δ, η, ρ) (t→ +∞) (42)
4
　
͔͜͜Βɺ࠷దԽͷͨΊͷඞཁ৚݅ΛٻΊΔͱ࣍ΛಘΔɻ
∂
∂c(t)
L(c(t), k(t), λ(t), µ(t)) = u′(c(t))− λ(t) + µ(t) = 0 (29)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) = c(t) ≧ (30)
µ(t) ≧ 0 (31)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) · µ(t) = c(t)µ(t) = 0 (32)
λ˙( ) = (ρ η)λ(t)− ∂
∂k(t)
L(c(t), k(t), λ(t), µ(t)) = λ(t) (δ + η + (ρ− η)− f ′(k(t))) (33)
k˙(t) = ∂
∂λ(t)
L(c(t), k(t), λ(t), µ(t)) = f(k(t))− (δ + η) k(t)− c(t) (34)
k(0) = k0 ≡
K(0)
L(0)
(35)
͜ΕΒͷதͰɺ(32)͸ɺফඅيಓͱͦΕʹର͢Δ shadow priceͷ૬ิεϥοΫੑΛҙຯ͍ͯ͠Δɻ͔͠͠ɺ
͢΂ͯͷ tʹؔͯ͠ c(t) = 0͸ܦࡁֶత implicationΑΓɺআ֎ͯ͠΋ྑ͍ɻ͕ͨͬͯ͠ɼ͕࣍ै͏ɻ
c(t) > t ( 6)
µ(t) = 0 ∀t > 0 (37)
࠷దԽͷे෼৚݅͸࣍ͷΑ͏ʹ؆୯ʹ֬ೝͰ͖Δɻ
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) = u′′(c(t)) < 0 (38)
∂2
∂k(t)2
L(c(t), k(t), λ(t), µ(t)) = λ(t)f ′′(k(t)) < 0 (39)
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) ∂
2
∂k(t)2
L(c(t), k(t), λ(t), µ(t))−
{(
∂2
∂k(t)c(t)
)}2
= λ(t)f ′′(k(t))u′′c(t) > 0 (40)
͜ͷ (38)-(40)ͷ৚݅Ͱɺdynamic Lagrangian͸ɺ੍ ޚม਺ c(t)ͱঢ়ଶม਺ k(t)ʹؔͯ͠ɺݫີʹԜ (strictly
concave)Ͱ͋Δ͜ͱ͕อূ͞Εͨɻ
3 ఆ
3.1 ఆৗঢ়ଶͷੑ࣭
લ߲Ͱड़΂ͨɺඞཁ৚͔݅Βಋ͔ΕΔղيಓ k∗(t; δ, η, ρ), c∗(t; δ, η, ρ) ͸ͦΕͧΕɺ࣍ͷΑ͏ͳఆৗঢ়ଶ
(steady state)ʹؼண͢Δɻ
k kS(δ, η, ρ) (t ) 1
c∗(t; δ, η, ρ) −→ cS(δ, η, ρ) (t→ +∞) (42)
4
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͔͜͜Βɺ࠷దԽͷͨΊͷඞཁ৚݅ΛٻΊΔͱ࣍ΛಘΔɻ
∂
∂c(t)
L(c(t), k(t), λ(t), µ(t)) = u′(c(t))− λ(t) + µ(t) = 0 (29)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) = c(t) ≧ 0 (30)
µ(t) ≧ 0 (31)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) · µ(t) = c(t)µ(t) = 0 (32)
λ˙(t) (ρ− η)λ(t)− ∂
∂k(t)
L(c(t), k(t), λ(t), µ(t)) = λ(t) (δ + η + (ρ− η)− f ′(k(t))) (33)
k˙(t) = ∂
∂λ(t)
L(c(t), k(t), λ(t), µ(t)) = f(k(t) − (δ + η) k(t)− c(t) (34)
k(0) = k0 ≡
K(0)
L(0)
(35)
͜ΕΒͷதͰɺ(32)͸ɺফඅيಓͱͦΕʹର͢Δ shadow priceͷ૬ิεϥοΫੑΛҙຯ͍ͯ͠Δɻ͔͠͠ɺ
͢΂ͯͷ tʹؔͯ͠ c(t) = 0͸ܦࡁֶత implicationΑΓɺআ֎ͯ͠΋ྑ͍ɻ͕ͨͬͯ͠ɼ͕࣍ै͏ɻ
c(t) > 0 ∀t > 0 (36)
µ(t) = 0 ∀t > 0 (37)
࠷దԽͷे෼৚݅͸࣍ͷΑ͏ʹ؆୯ʹ֬ೝͰ͖Δɻ
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ ) = u′′(c(t) < 0 (38)
∂2
∂k(t)2
L(c(t), k(t), λ(t), µ(t)) = λ(t)f ′′(k(t)) < 0 (39)
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) ∂
2
∂k(t)2
L(c(t), k , λ(t), µ(t))−
{(
∂2
∂k(t)c(t)
)}2
= λ(t)f ′′(k(t))u′′c(t) > 0 (40)
͜ͷ (38)-(40)ͷ৚݅Ͱɺdynamic Lagrangian͸ɺ੍ ޚม਺ c(t)ͱঢ়ଶม਺ k(t)ʹؔͯ͠ɺݫີʹԜ (strictly
concave)Ͱ͋Δ͜ͱ͕อূ͞Εͨɻ
3 ఆৗঢ়ଶ
3.1 ఆৗঢ়ଶͷੑ࣭
લ߲Ͱड़΂ͨɺඞཁ৚͔݅Βಋ͔ΕΔղيಓ k∗(t; δ, η, ρ), c∗(t; δ, η, ρ) ͸ͦΕͧΕɺ࣍ͷΑ͏ͳఆৗঢ়ଶ
(steady state)ʹؼண͢Δɻ
k∗(t; δ, η, ρ) −→ kS(δ, η, ρ) (t→ +∞) (41)
c∗(t; δ, η, ρ) −→ cS(δ, η, ρ) (t→ +∞) (42)
4
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͔͜͜Βɺ࠷దԽͷͨΊͷඞཁ৚݅ΛٻΊΔͱ࣍ΛಘΔɻ
∂
∂c(t)
L c(t), k(t), λ(t , µ(t)) = u′(c(t))− λ(t) + µ(t) = 0 (29)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) = c(t) ≧ 0 (30)
µ(t) ≧ 0 (31)
µ t
t , t , t , t · µ = c(t)µ t) = 0 (32)
λ˙(t) = (ρ− η)λ(t)− ∂
∂k(t)
L(c(t), k(t), λ(t , µ(t)) = λ(t) (δ + (ρ η)− f ′(k(t))) (33)
k˙(t) = ∂
∂λ(t)
L(c(t), k(t), λ(t), µ(t)) = f(k(t))− (δ + η) k(t)− c(t) (34)
k(0) = k0 ≡
K(0)
L(0)
(35)
͜ΕΒͷதͰɺ(32)͸ɺফඅيಓͱͦΕʹର͢Δ shadow priceͷ૬ิεϥοΫੑΛҙຯ͍ͯ͠Δɻ͔͠͠ɺ
͢΂ͯͷ tʹؔͯ͠ c(t) = 0͸ܦࡁֶత implicationΑΓɺআ֎ͯ͠΋ྑ͍ɻ͕ͨͬͯ͠ɼ͕࣍ै͏ɻ
c(t) > 0 ∀t > 0 (36)
µ(t) = 0 ∀t > 0 (37)
࠷దԽͷे෼৚݅͸࣍ͷΑ͏ʹ؆୯ʹ֬ೝͰ͖Δɻ
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) = u′′(c(t)) < 0 (38)
∂2
∂k(t)2
L(c(t), k(t), λ(t), µ(t)) = λ(t)f ′′(k(t)) < 0 (39)
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) ∂
2
∂k(t)2
L c(t), k(t), λ(t), µ(t))−
{(
∂2
∂k(t)c(t)
)}2
= λ(t)f ′′(k(t))u′′c(t) > 0 (40)
͜ͷ (38)-(40)ͷ৚݅Ͱɺdynamic Lagrangian͸ɺ੍ ޚม਺ c(t)ͱঢ়ଶม਺ k(t)ʹؔͯ͠ɺݫີʹԜ (strictly
concave)Ͱ͋Δ͜ͱ͕อূ͞Εͨɻ
3 ఆৗঢ়ଶ
3.1 ఆৗঢ়ଶͷੑ࣭
લ߲Ͱड़΂ͨɺඞཁ৚͔݅Βಋ͔ΕΔղيಓ k∗(t; δ, η, ρ), c∗(t; δ, η, ρ) ͸ͦΕͧΕɺ࣍ͷΑ͏ͳఆৗঢ়ଶ
(steady state)ʹؼண͢Δɻ
k∗(t; δ, η, ρ) −→ kS(δ, η, ρ) (t→ +∞) (41)
c∗(t; δ, η, ρ) −→ cS(δ, η, ρ) (t→ +∞) (42)
4
　
͔͜͜Βɺ࠷దԽͷͨΊͷඞཁ৚݅ΛٻΊΔͱ࣍ΛಘΔɻ
∂
∂c(t)
L(c(t), k(t), λ(t), µ(t)) = u′( )− λ(t) + µ(t) = 0 (29)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) = c(t) ≧ 0 (30)
µ(t) ≧ 0 (31)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) · µ(t) = c(t)µ(t) = 0 (32)
λ˙(t) = (ρ− η)λ(t)− ∂
∂k(t)
L(c(t), k(t), λ(t), µ(t)) = λ(t) δ + η + (ρ− η)− f ′(k(t) ) (33)
k˙(t) = ∂
∂λ(t)
L(c(t), k(t), λ(t), µ(t)) f(k(t))− (δ + η) k(t)− (t) (34)
k(0) = k0 ≡
K(0)
L(0)
(35)
͜ΕΒͷதͰɺ(32)͸ɺফඅيಓͱͦΕʹର͢Δ shadow priceͷ૬ิεϥοΫੑΛҙຯ͍ͯ͠Δɻ͔͠͠ɺ
͢΂ͯͷ tʹؔͯ͠ c(t) = 0͸ܦࡁֶత implicationΑΓɺআ֎ͯ͠΋ྑ͍ɻ͕ͨͬͯ͠ɼ͕࣍ै͏ɻ
c > 0 ∀t > 0 (36)
µ(t) = 0 ∀t > 0 (37)
࠷దԽͷे෼৚݅͸࣍ͷΑ͏ʹ؆୯ʹ֬ೝͰ͖Δɻ
∂2
∂c(t)2
(c(t), k(t), (t), (t)) u′′(c ) < 0 (38)
k
, , , = λ(t)f ′′(k(t)) < 0 (39)
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) ∂
2
∂k(t)2
L(c(t), k(t), λ(t), µ(t))−
{(
∂2
∂k(t)c(t)
)}2
= λ(t)f ′′(k(t))u′′c(t) > 0 (40)
͜ͷ (38)-(40)ͷ৚݅Ͱɺdynamic Lagrangian͸ɺ੍ ޚม਺ c(t)ͱঢ়ଶม਺ k(t)ʹؔͯ͠ɺݫີʹԜ (strictly
concave)Ͱ͋Δ͜ͱ͕อূ͞Εͨɻ
3 ఆৗঢ়ଶ
3.1 ఆৗঢ়ଶͷੑ࣭
લ߲Ͱड़΂ͨɺඞཁ৚͔݅Βಋ͔ΕΔղيಓ k∗(t; , c (t; δ, , ) ͸ͦΕͧΕɺ࣍ͷΑ͏ͳఆৗঢ়ଶ
(steady state)ʹؼண͢Δɻ
k∗(t; δ, η, ρ) −→ kS(δ, η, ρ) (t→ +∞) (41)
c∗(t; δ, η, ρ) −→ cS(δ, η, ρ) (t→ +∞) (42)
4
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͔͜͜Βɺ࠷దԽͷͨΊͷඞཁ৚݅ΛٻΊΔͱ࣍ΛಘΔɻ
∂
∂c(t)
L(c , k(t), λ(t), µ(t)) = u′(c(t))− λ(t) + µ(t) = 0 (29)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) = c(t) ≧ 0 (30)
µ(t) ≧ 0 (31)
∂
∂µ(t)
L c , k(t), λ , µ(t)) · µ(t) = c(t)µ(t) = 0 (32)
λ˙(t) = (ρ− η)λ − ∂
∂k(t)
L(c , k(t), λ , µ(t)) = λ(t) (δ + η + (ρ− η)− f ′(k(t))) (33)
k˙ t) = ∂
∂λ(t)
L(c(t), k(t), λ(t), µ(t)) = f(k(t))− (δ + η) k(t)− c(t) (34)
k(0) = k0 ≡
K(0)
L(0)
(35)
͜ΕΒͷதͰɺ(32)͸ɺফඅيಓͱͦΕʹର͢Δ shadow priceͷ૬ิεϥοΫੑΛҙຯ͍ͯ͠Δɻ͔͠͠ɺ
͢΂ͯͷ tʹؔͯ͠ c(t) = 0͸ܦࡁֶత implicationΑΓɺআ֎ͯ͠΋ྑ͍ɻ͕ͨͬͯ͠ɼ͕࣍ै͏ɻ
c(t) > 0 ∀t > 0 (36)
µ(t) = 0 ∀t > 0 (37)
࠷దԽͷे෼৚݅͸࣍ͷΑ͏ʹ؆୯ʹ֬ೝͰ͖Δɻ
∂2
∂c(t)2
L(c , k(t), λ(t), µ(t)) = u′′(c(t)) < 0 (38)
∂2
∂k(t)2
L(c(t), k(t), λ(t), µ(t)) = λ(t)f ′′(k(t)) < 0 (39)
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) ∂
2
∂k(t)2
L(c(t), k(t), λ(t), µ(t))−
{(
∂2
∂k(t)c(t)
)}2
= λ(t)f ′′(k(t))u′′c(t) > 0 (40)
͜ͷ (38)-(40)ͷ৚݅Ͱɺdynamic Lagrangian͸ɺ੍ ޚม਺ c(t)ͱঢ়ଶม਺ k(t)ʹؔͯ͠ɺݫີʹԜ (strictly
concave)Ͱ͋Δ͜ͱ͕อূ͞Εͨɻ
3 ఆৗঢ়ଶ
3.1 ఆৗঢ়ଶͷੑ࣭
લ߲Ͱड़΂ͨɺඞཁ৚͔݅Βಋ͔ΕΔղيಓ k∗(t; δ, η, ρ), c∗(t; δ, η, ρ) ͸ͦΕͧΕɺ࣍ͷΑ͏ͳఆৗঢ়ଶ
(steady state)ʹؼண͢Δɻ
k∗(t; δ, η, ρ) −→ kS(δ, η, ρ) (t→ +∞) (41)
c∗(t; δ, η, ρ) −→ cS(δ, η, ρ) (t→ +∞) (42)
4
　
͔͜͜Βɺ࠷దԽͷͨΊͷඞཁ৚݅ΛٻΊΔͱ࣍ΛಘΔɻ
∂
∂c(t)
L(c(t), k(t), λ(t), µ(t) = u′(c(t))− λ(t) + µ(t) = 0 (29)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) = c(t) ≧ 0 (30
µ(t) ≧ 0 (31)
∂
∂µ(t)
L(c k , λ(t), µ(t)) · µ t) = c(t)µ(t) = 0 (32)
λ˙(t) = (ρ− η)λ t)− ∂
∂k(t)
L(c t), k(t), λ(t), µ(t)) = λ(t) (δ + η + (ρ− η)− f ′(k(t))) (33)
k˙(t) = ∂
∂λ(t)
L(c(t), k(t), λ(t), µ(t)) f(k(t))− (δ + η) k(t)− c(t) (34)
k(0) = k0 ≡
K( )
L(0)
(35)
͜ΕΒͷதͰɺ(32)͸ɺফඅيಓͱͦΕʹର͢Δ shadow priceͷ૬ิεϥοΫੑΛҙຯ͍ͯ͠Δɻ͔͠͠ɺ
͢΂ͯͷ tʹؔͯ͠ (t) = 0͸ܦࡁֶత implicationΑΓɺআ֎ͯ͠΋ྑ͍ɻ͕ͨͬͯ͠ɼ͕࣍ै͏ɻ
c(t) > 0 ∀t > 0 (36)
µ(t) = 0 ∀t > 0 (37)
࠷దԽͷे෼৚݅͸࣍ͷΑ͏ʹ؆୯ʹ֬ೝͰ͖Δɻ
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) = u′′(c(t)) < 0 (38)
∂2
∂k(t)2
L(c(t), k(t), λ(t), µ(t)) = λ(t)f ′′(k(t)) < 0 (39)
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) ∂
2
∂k(t)2
L(c(t), k(t), λ(t), µ(t))−
{(
∂2
∂k(t)c(t)
)}2
= λ(t)f ′′(k(t))u′′c(t) > 0 (40)
͜ͷ (38)-(40)ͷ৚݅Ͱɺdynamic Lagrangian͸ɺ੍ ޚม਺ c(t)ͱঢ়ଶม਺ k(t)ʹؔͯ͠ɺݫີʹԜ (strictly
concave)Ͱ͋Δ͜ͱ͕อূ͞Εͨɻ
3 ఆৗঢ়ଶ
3.1 ఆৗঢ়ଶͷੑ࣭
લ߲Ͱड़΂ͨɺඞཁ৚͔݅Βಋ͔ΕΔղيಓ k∗(t; δ, η, ρ), c∗(t; δ, η, ρ) ͸ͦΕͧΕɺ࣍ͷΑ͏ͳఆৗঢ়ଶ
(steady state)ʹؼண͢Δɻ
k∗(t; δ, η, ρ) −→ kS(δ, η, ρ) (t→ +∞) (41)
c∗(t; δ, η, ρ) −→ cS(δ, η, ρ) (t→ +∞) (42)
4
　
͔͜͜Βɺ࠷దԽͷͨΊͷඞཁ৚݅ΛٻΊΔͱ࣍ΛಘΔɻ
∂
∂c(t)
L(c(t), k(t), λ(t), µ(t)) u′(c(t))− λ(t) + µ(t) = 0 (29)
∂
∂µ(t)
(c(t), k(t), (t), (t)) c(t ≧ 0 (30)
µ(t) ≧ 0 (31)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) · µ(t) = c(t)µ(t) = 0 (32)
λ˙(t) = (ρ− η)λ(t)− ∂
∂k(t)
L(c(t), k( ), λ(t), µ(t)) = λ(t) (δ + η + (ρ− η)− f ′(k(t))) (33)
k˙(t) = ∂
∂λ(t)
L(c(t), k(t), λ(t), µ(t)) = f(k(t))− (δ + η) k(t)− c(t) (34)
k(0) = k0 ≡
K(0)
L(0)
(35)
͜ΕΒͷதͰɺ(32)͸ɺফඅيಓͱͦΕ ର͢Δ shadow priceͷ૬ิεϥοΫੑΛҙຯ͍ͯ͠Δɻ͔͠͠ɺ
͢΂ͯͷ tʹؔͯ͠ c(t) = 0͸ܦࡁֶత implicationΑΓɺআ֎ͯ͠΋ྑ͍ɻ͕ͨͬͯ͠ɼ͕࣍ै͏ɻ
c(t) > 0 ∀t > ( 6)
µ(t) = 0 ∀t > 0 (37)
࠷దԽͷे෼৚݅͸࣍ͷΑ͏ʹ؆୯ʹ֬ೝͰ͖Δɻ
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) = u′′(c(t)) < 0 (38)
∂2
∂k(t)2
L(c(t), k(t), λ(t), µ(t)) = λ(t)f ′′(k(t)) < 0 (39)
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) ∂
2
∂k(t)2
L(c(t), k(t), λ(t), µ(t))−
{(
∂2
∂k(t)c(t)
)}2
= λ(t)f ′′(k(t))u′′c(t) > 0 (40)
͜ͷ (38)-(40)ͷ৚݅Ͱɺdynamic Lagrangian͸ɺ੍ ޚม਺ c(t)ͱঢ়ଶม਺ k(t)ʹؔͯ͠ɺݫີʹԜ (strictly
concave)Ͱ͋Δ͜ͱ͕อূ͞Εͨɻ
3 ఆৗঢ়ଶ
3.1 ఆৗঢ়ଶͷੑ࣭
લ߲Ͱड़΂ͨɺඞཁ৚͔݅Βಋ͔ΕΔղيಓ k∗(t; δ, η, ρ), c∗(t; δ, η, ρ) ͸ͦΕͧΕɺ࣍ͷΑ͏ͳఆৗঢ়ଶ
(steady state)ʹؼண͢Δɻ
k∗(t; δ, η, ρ) −→ kS(δ, η, ρ) (t→ +∞) (41)
c∗(t; δ, η, ρ) −→ cS(δ, η, ρ) (t→ +∞) (42)
4
　 
͔͜͜Βɺ࠷దԽͷͨΊͷඞཁ৚݅ΛٻΊΔͱ࣍ΛಘΔɻ
∂
∂c(t)
L(c(t , k(t), λ(t), µ(t)) = u′(c(t))− λ(t) + µ(t) = 0 (29)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) = c(t) ≧ 0 (30)
µ(t) ≧ 0 (31)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) · µ(t) = c(t)µ(t) = 0 (32)
λ˙(t) = (ρ− η)λ(t)− ∂
∂k(t)
L(c(t), k(t), λ(t), µ(t)) = λ(t) (δ + η + (ρ− η)− f ′(k(t))) (33)
k˙(t) = ∂
∂λ(t)
L(c(t), k(t), λ(t), µ(t)) = f(k(t))− (δ + η) k(t)− c(t) (34)
k(0) = k0 ≡
K(0)
L(0)
(35)
͜ΕΒͷதͰɺ(32)͸ɺফඅيಓͱͦΕʹର͢Δ shadow priceͷ૬ิεϥοΫੑΛҙຯ͍ͯ͠Δɻ͔͠͠ɺ
͢΂ͯͷ tʹؔͯ͠ c(t) = 0͸ܦࡁֶత implicationΑΓɺআ֎ͯ͠΋ྑ͍ɻ͕ͨͬͯ͠ɼ͕࣍ै͏ɻ
c(t) > 0 ∀t > 0 (36)
µ(t) = 0 ∀t > 0 (37)
࠷దԽͷे෼৚݅͸࣍ͷΑ͏ʹ؆୯ʹ֬ೝͰ͖Δɻ
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) = u′′(c(t)) < 0 (38)
∂2
∂k(t)2
L(c(t), k(t), λ(t), µ(t)) = λ(t)f ′′(k(t)) < 0 (39)
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) ∂
2
∂k(t)2
L(c(t), k(t), λ(t), µ(t))−
{(
∂2
∂k(t)c(t)
)}2
= λ(t)f ′′(k(t))u′′c(t) > 0 (40)
͜ͷ (38)-(40)ͷ৚݅Ͱɺdynamic Lagrangian͸ɺ੍ ޚม਺ c(t)ͱঢ়ଶม਺ k(t)ʹؔͯ͠ɺݫີʹԜ (strictly
concave)Ͱ͋Δ͜ͱ͕อূ͞Εͨɻ
3 ఆৗঢ়ଶ
3.1 ఆৗঢ়ଶͷੑ࣭
લ߲Ͱड़΂ͨɺඞཁ৚͔݅Βಋ͔ΕΔղيಓ k∗(t; δ, η, ρ), c∗(t; δ, η, ρ) ͸ͦΕͧΕɺ࣍ͷΑ͏ͳఆৗঢ়ଶ
(steady state)ʹؼண͢Δɻ
k∗(t; δ, η, ρ) −→ kS(δ, η, ρ) (t→ +∞) (41)
c∗(t; δ, η, ρ) −→ cS(δ, η, ρ) (t→ +∞) (42)
4
　
͔͜͜Βɺ࠷దԽͷͨΊͷඞཁ৚݅ΛٻΊΔͱ࣍ΛಘΔɻ
c
u′(c(t))− λ(t) + µ(t) = 0 29
µ
c(t) ≧ 0 0
µ(t) ≧ 0 (31)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t) · µ(t c(t)µ(t) = 0 2
λ˙(t) = (ρ− η)λ(t)−
k
, , , λ t) (δ + η + (ρ− η)− f ′ k(t))) 3
k˙(t) = ∂
∂λ(t)
L(c(t), k(t), λ(t), µ(t) f(k(t))− (δ + η) k(t)− c(t) 4
k(0) = k0 ≡
K(0)
L(0)
( 5)
͜ΕΒͷதͰɺ(32)͸ɺফඅيಓͱͦΕʹର͢Δ shadow priceͷ૬ิεϥοΫੑΛҙຯ͍ͯ͠Δɻ͔͠͠ɺ
͢΂ͯͷ tʹؔͯ͠ c(t) = 0͸ܦࡁֶత implicationΑΓɺআ֎ͯ͠΋ྑ͍ɻ͕ͨͬͯ͠ɼ͕࣍ै͏ɻ
c(t) > 0 ∀t > 0 6
µ(t) = 0 ∀t > 0 (37)
࠷దԽͷे෼৚݅͸࣍ͷΑ͏ʹ؆୯ʹ֬ೝͰ͖Δɻ
c
u′′(c(t)) < 0 8
∂2
∂k(t)2
(c(t), k(t), λ(t), µ(t)) = λ(t)f ′′(k(t)) < 0 (39)
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) ∂
2
∂k(t)2
L(c(t), k(t), λ(t), µ(t))−
{
∂2
∂k(t)c(t)
)}2
= λ(t)f ′′(k(t))u′′c(t) > 0 (40)
͜ͷ (38)-(40)ͷ৚݅Ͱɺdynamic Lagrangian͸ɺ੍ ޚม਺ c(t)ͱঢ়ଶม਺ k(t)ʹؔͯ͠ɺݫີʹԜ (strictly
concave)Ͱ͋Δ͜ͱ͕อূ͞Εͨɻ
3 ఆৗঢ়ଶ
3.1 ఆৗঢ়ଶͷੑ࣭
લ߲Ͱड़΂ͨɺඞཁ৚͔݅Βಋ͔ΕΔղيಓ k∗(t; δ, η, ρ), c∗(t; δ, η, ρ) ͸ͦΕͧΕɺ࣍ͷΑ͏ͳఆৗঢ়ଶ
(steady state)ʹؼண͢Δɻ
k∗(t; δ, η, ρ) −→ kS(δ, η, ρ) (t→ +∞) (41)
c∗(t; δ, η, ρ) −→ cS(δ, η, ρ) (t→ +∞) (42)
4
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͔͜͜Βɺ࠷దԽͷͨΊͷඞཁ৚݅ΛٻΊΔͱ࣍ΛಘΔɻ
∂
∂c(t)
L(c(t), k(t), λ(t), µ(t)) = u′(c(t))− λ(t) + µ(t) = 0 (29)
∂
∂µ(t)
L(c(t), k t), λ(t), µ(t ) = c ≧ 0 (30)
µ(t) ≧ 0 (31)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) · µ(t) = c(t)µ(t) = 0 (32)
λ˙(t) = (ρ− η)λ(t)− ∂
∂k(t)
L(c(t), k(t), λ(t), µ(t)) = λ t) (δ + η + (ρ− η)− f ′(k(t))) (33)
k˙(t) = ∂
∂λ(t)
L(c(t), k(t), λ(t), µ(t)) = f(k(t))− (δ + η) k(t)− c(t) (34
k(0) = k0 ≡
K(0)
L(0)
(35)
͜ΕΒͷதͰɺ(32)͸ɺফඅيಓͱͦΕʹର͢Δ shadow priceͷ૬ิεϥοΫੑΛҙຯ͍ͯ͠Δɻ͔͠͠ɺ
͢΂ͯͷ tʹؔͯ͠ c(t) = 0͸ܦࡁֶత impli a ionΑΓɺআ֎ͯ͠΋ྑ͍ɻ͕ͨͬͯ͠ɼ͕࣍ै͏ɻ
c t) > 0 ∀t > 0 ( 6)
µ(t) = 0 ∀t > 0 (37)
࠷దԽͷे෼৚݅͸࣍ͷΑ͏ʹ؆୯ʹ֬ೝͰ͖Δɻ
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) = u′′(c(t)) < 0 (38)
∂2
∂k(t)2
L(c(t), k(t), λ(t), µ(t)) = λ(t)f ′′(k(t)) < 0 (39)
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) ∂
2
∂k(t)2
L(c(t), k(t), λ(t), µ(t))−
{(
∂2
∂k(t)c(t)
)}2
= λ(t)f ′′(k(t))u′′c(t) > 0 (40)
͜ͷ (38)-(40)ͷ৚݅Ͱɺdynamic L grangian͸ɺ੍ ޚม਺ c(t)ͱঢ়ଶม਺ (t)ʹؔͯ͠ɺݫີʹԜ (strictly
concave)Ͱ͋Δ͜ͱ͕อূ͞Εͨɻ
3 ఆৗঢ়ଶ
3.1 ఆৗঢ়ଶͷੑ࣭
લ߲Ͱड़΂ͨɺඞཁ৚͔݅Βಋ͔ΕΔղيಓ k∗(t; δ, η ρ), c∗(t; δ, η, ρ) ͸ͦΕͧΕɺ࣍ͷΑ͏ͳఆৗঢ়ଶ
(steady state)ʹؼண͢Δɻ
k∗(t; δ, η, ρ) −→ kS(δ, η, ρ) (t→ +∞) (41)
c∗(t; δ, η, ρ) −→ cS(δ, η, ρ) (t→ +∞) (42)
4
　　　　　　　　　　
これらの中で，は，消費軌道とそれに対する
shadow priceの相補スラック性を意味してい
る。しかし，すべての t に関して c（t）＝ 0 は経
済学的 implicationより，除外しても良い。し
たがって，次が従う。
͔͜͜Βɺ࠷దԽͷͨΊͷඞཁ৚݅ΛٻΊΔͱ࣍ΛಘΔɻ
∂
∂c(t)
L(c(t), k(t), λ(t), µ(t)) = u′(c(t))− λ(t) + µ(t) = 0 (29)
∂µ
L(c(t), k(t), λ(t), µ(t)) = c(t) ≧ 0 (30)
µ(t) ≧ 0 (31)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t ) · µ(t) = c(t)µ(t) = 0 (32)
λ˙(t) = (ρ− η)λ(t)− ∂
∂k(t)
L(c(t), k(t), λ(t), µ(t)) = λ(t) (δ + η + (ρ− η)− f ′(k t))) (33)
k˙(t) = ∂
∂λ(t)
L( (t), k(t), λ(t), µ(t)) = f(k(t))− (δ + η) k(t)− c(t) (34)
k(0) = k0 ≡
K(0)
L( )
(35)
͜ΕΒͷதͰɺ(32)͸ɺফඅيಓͱͦΕʹର͢Δ shadow priceͷ૬ิεϥοΫੑΛҙຯ͍ͯ͠Δɻ͔͠͠ɺ
͢΂ͯͷ tʹؔͯ͠ c(t) = 0͸ܦࡁֶత implicationΑΓɺআ֎ͯ͠΋ྑ͍ɻ͕ͨͬͯ͠ɼ͕࣍ै͏ɻ
c(t) > 0 ∀t > 0 (36)
µ(t) = 0 ∀t > 0 (37)
࠷దԽͷे෼৚݅͸࣍ͷΑ͏ʹ؆୯ʹ֬ೝͰ͖Δɻ
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) = u′′(c(t)) < 0 (38)
∂2
∂k(t)2
(c(t), k(t), λ(t), µ(t)) = λ(t)f ′′(k(t)) < 0 (39)
∂2
∂c(t)2
(c(t), k(t), λ(t), µ(t)) ∂
2
∂k(t)2
L(c(t), k(t), λ(t), µ(t))−
{(
∂2
∂k(t)c(t)
)}2
= λ(t)f ′′(k(t))u′′c(t) > 0 (40)
͜ (38)-(40)ͷ৚݅Ͱɺdynamic Lagrangian͸ɺ੍ ޚม਺ c(t)ͱঢ়ଶม਺ k(t)ʹؔͯ͠ɺݫີʹԜ (strictly
concave)Ͱ͋Δ͜ͱ͕อূ͞Εͨɻ
3 ఆৗঢ়ଶ
3.1 ఆৗঢ়ଶͷੑ࣭
લ߲Ͱड़΂ͨɺඞཁ৚͔݅Βಋ͔ΕΔղيಓ k∗(t; δ, η, ρ), c∗(t; δ, η, ρ) ͸ͦΕͧΕɺ࣍ͷΑ͏ͳఆৗঢ়ଶ
(steady state)ʹؼண͢Δɻ
k∗(t; δ, η, ρ) −→ kS(δ, η, ρ) (t→ +∞) (41)
c∗(t; δ, η, ρ) −→ cS(δ, η, ρ) (t→ +∞) (42)
4
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͔͜͜Βɺ࠷దԽͷͨΊͷඞཁ৚݅ΛٻΊΔͱ࣍ΛಘΔɻ
∂
∂c(t)
L(c(t), k(t), λ(t), µ(t)) = u′(c(t))− λ(t) + µ(t) = 0 (29)
∂
∂µ(t)
L c(t), k , λ(t), µ(t)) c(t) ≧ 0 (30)
µ(t) ≧ 0 (31)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) · µ(t) = c(t)µ(t) = 0 (32)
λ˙(t) = (ρ− η)λ(t)− ∂
∂k(t)
L c(t), k(t), λ(t), µ(t)) = λ(t) (δ + η + (ρ− η)− f ′(k(t))) (33)
k˙(t) = ∂
∂λ(t)
L(c(t), k(t), λ(t), µ(t)) = f(k(t))− (δ + η) k(t)− c(t) (34)
k(0) = k0 ≡
K(0)
L(0)
(35)
͜ΕΒͷதͰɺ(32)͸ɺফඅيಓͱͦΕʹର͢Δ shadow priceͷ૬ิεϥοΫੑΛҙຯ͍ͯ͠Δɻ͔͠͠ɺ
͢΂ͯͷ tʹؔͯ͠ c(t) = 0͸ܦࡁֶత implicationΑΓɺআ֎ͯ͠΋ྑ͍ɻ͕ͨͬͯ͠ɼ͕࣍ै͏ɻ
c(t) > 0 ∀t > 0 (36)
µ(t) = 0 ∀t > 0 (37)
࠷దԽͷे෼৚݅͸࣍ͷΑ͏ʹ؆୯ʹ֬ೝͰ͖Δɻ
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) = u′′(c(t)) < 0 (38)
∂2
∂k(t)2
L(c(t), k(t), λ(t), µ(t)) = λ(t)f ′′(k(t)) < 0 (39)
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) ∂
2
∂k(t)2
L(c(t), k(t), λ(t), µ(t))−
{(
∂2
∂k(t)c(t)
)}2
= λ(t)f ′′(k ))u′′c(t) > 0 (40)
͜ͷ (38)-(40)ͷ৚݅Ͱɺdynamic Lagrangian͸ɺ੍ ޚม਺ c(t)ͱঢ়ଶม਺ k(t)ʹؔͯ͠ɺݫີʹԜ (strictly
concave)Ͱ͋Δ͜ͱ͕อূ͞Εͨɻ
3 ఆৗঢ়ଶ
3.1 ఆৗঢ়ଶͷੑ࣭
લ߲Ͱड़΂ͨɺඞཁ৚͔݅Βಋ͔ΕΔղيಓ k∗(t; δ, η, ρ), c∗(t; δ, η, ρ) ͸ͦΕͧΕɺ࣍ͷΑ͏ͳఆৗঢ়ଶ
(steady state)ʹؼண͢Δɻ
k∗(t; δ, η, ρ) −→ kS(δ, η, ρ) (t→ +∞) (41)
c∗(t; δ, η, ρ) −→ cS(δ, η, ρ) (t→ +∞) (42)
4
　　　　　　　　　　 
最適化の十分条件は次のように簡単に確認で
きる。＊ 1 　あるいは，L（0）= 1 に正規化されているといっても良い。
＊ 2 　変数というよりも汎関数（functional）を構成する軌
道というべきものだが，通常の用語に従う。以下も同様。
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͔͜͜Βɺ࠷దԽͷͨΊͷඞཁ৚݅ΛٻΊΔͱ࣍ΛಘΔɻ
∂
∂c(t)
L(c(t), k(t), λ(t), µ(t)) = u′(c(t))− λ(t) + µ(t) = 0 (29)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) = c(t) ≧ 0 (30)
µ(t) ≧ 0 (31)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) · µ(t) = c(t)µ(t) = 0 (32)
λ˙(t) = (ρ− η)λ(t)− ∂
∂k(t)
L(c(t), k(t), λ(t), µ(t)) = λ(t) (δ + η + (ρ− η)− f ′(k(t))) (33)
k˙(t) = ∂
∂λ(t)
L(c(t), k(t), λ(t), µ(t)) = f(k(t))− (δ + η) k(t)− c(t) (34)
k(0) = k0 ≡
K(0)
L(0)
(35)
͜ΕΒͷதͰɺ(32)͸ɺফඅيಓͱͦΕʹର͢Δ shadow priceͷ૬ิεϥοΫੑΛҙຯ͍ͯ͠Δɻ͔͠͠ɺ
͢΂ͯͷ tʹؔͯ͠ c(t) = 0͸ܦࡁֶత implicationΑΓɺআ֎ͯ͠΋ྑ͍ɻ͕ͨͬͯ͠ɼ͕࣍ै͏ɻ
c(t) > 0 ∀t > 0 (36)
µ(t) = 0 ∀t > 0 (37)
࠷దԽͷे෼৚݅͸࣍ͷΑ͏ʹ؆୯ʹ֬ೝͰ͖Δɻ
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) = u′′(c(t)) < 0 (38)
∂2
∂k(t)2
L(c(t), k(t), λ(t), µ(t)) = λ(t)f ′′(k(t)) < 0 (39)
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) ∂
2
∂k(t)2
L(c(t), k(t), λ(t), µ(t))−
{(
∂2
∂k(t)c(t)
)}2
= λ(t)f ′′(k(t))u′′c(t) > 0 (40)
͜ͷ (38)-(40)ͷ৚݅Ͱɺdynamic Lagrangian͸ɺ੍ ޚม਺ c(t)ͱঢ়ଶม਺ k(t)ʹؔͯ͠ɺݫີʹԜ (strictly
concave)Ͱ͋Δ͜ͱ͕อূ͞Εͨɻ
3 ఆৗঢ়ଶ
3.1 ఆৗঢ়ଶͷੑ࣭
લ߲Ͱड़΂ͨɺඞཁ৚͔݅Βಋ͔ΕΔղيಓ k∗(t; δ, η, ρ), c∗(t; δ, η, ρ) ͸ͦΕͧΕɺ࣍ͷΑ͏ͳఆৗঢ়ଶ
(steady state)ʹؼண͢Δɻ
k∗(t; δ, η, ρ) −→ kS(δ, η, ρ) (t→ +∞) (41)
c∗(t; δ, η, ρ) −→ cS(δ, η, ρ) (t→ +∞) (42)
4
　
͔͜͜Βɺ࠷దԽͷͨΊͷඞཁ৚݅ΛٻΊΔͱ࣍ΛಘΔɻ
∂
∂c(t)
L(c(t), k(t), λ(t), µ(t)) = u′(c(t))− λ(t) + µ(t) = 0 (29)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) = c(t) ≧ 0 (30)
µ(t) ≧ 0 (31)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) · µ(t) = c(t)µ(t) = 0 (32)
λ˙(t) = (ρ− η)λ(t)− ∂
∂k(t)
L(c(t), k(t), λ(t), µ(t)) = λ(t) (δ + η + (ρ− η)− f ′(k(t))) (33)
k˙(t) = ∂
∂λ(t)
L(c(t), k(t), λ(t), µ(t)) = f(k(t))− (δ + η) k(t)− c(t) (34)
k(0) = k0 ≡
K(0)
L(0)
(35)
͜ΕΒͷதͰɺ(32)͸ɺফඅيಓͱͦΕʹର͢Δ shadow priceͷ૬ิεϥοΫੑΛҙຯ͍ͯ͠Δɻ͔͠͠ɺ
͢΂ͯͷ tʹؔͯ͠ c(t) = 0͸ܦࡁֶత implicationΑΓɺআ֎ͯ͠΋ྑ͍ɻ͕ͨͬͯ͠ɼ͕࣍ै͏ɻ
c(t) > 0 ∀t > 0 (36)
µ(t) = 0 ∀t > 0 (37)
࠷దԽͷे෼৚݅͸࣍ͷΑ͏ʹ؆୯ʹ֬ೝͰ͖Δɻ
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) = u′′(c(t)) < 0 (38)
∂2
∂k(t)2
L(c(t), k(t), λ(t), µ(t)) = λ(t)f ′′(k(t)) < 0 (39)
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) ∂
2
∂k(t)2
L(c(t), k(t), λ(t), µ(t))−
{(
∂2
∂k(t)c(t)
)}2
= λ(t)f ′′(k(t))u′′c(t) > 0 (40)
͜ͷ (38)-(40)ͷ৚݅Ͱɺdynamic Lagrangian͸ɺ੍ ޚม਺ c(t)ͱঢ়ଶม਺ k(t)ʹؔͯ͠ɺݫີʹԜ (strictly
concave)Ͱ͋Δ͜ͱ͕อূ͞Εͨɻ
3 ఆৗঢ়ଶ
3.1 ఆৗঢ়ଶͷੑ࣭
લ߲Ͱड़΂ͨɺඞཁ৚͔݅Βಋ͔ΕΔղيಓ k∗(t; δ, η, ρ), c∗(t; δ, η, ρ) ͸ͦΕͧΕɺ࣍ͷΑ͏ͳఆৗঢ়ଶ
(steady state)ʹؼண͢Δɻ
k∗(t; δ, η, ρ) −→ kS(δ, η, ρ) (t→ +∞) (41)
c∗(t; δ, η, ρ) −→ cS(δ, η, ρ) (t→ +∞) (42)
4
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͔͜͜Βɺ࠷దԽͷͨΊͷඞཁ৚݅ΛٻΊΔͱ࣍ΛಘΔɻ
∂
∂c(t)
L(c(t), k(t), λ(t), µ(t)) = u′(c(t))− λ(t) + µ(t) = 0 (29)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t) = c(t) ≧ 0 0
≧ 0 1
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) · µ(t) = c(t)µ(t) = 0 (32)
λ˙(t) = (ρ− η)λ(t)− ∂
∂k(t)
L(c(t), k(t), λ(t), µ(t)) = λ(t) (δ + η + (ρ− η)− f ′(k(t))) (33)
k˙(t) = ∂
∂λ(t)
L(c(t), k(t), λ(t), µ(t)) = f(k(t))− (δ + η) k(t)− c(t) (34)
k(0) = k0 ≡
K(0)
L(0)
(35)
͜ΕΒͷதͰɺ(32)͸ɺফඅيಓͱͦΕʹର͢Δ shadow priceͷ૬ิεϥοΫੑΛҙຯ͍ͯ͠Δɻ͔͠͠ɺ
͢΂ͯͷ tʹؔͯ͠ c(t) = 0͸ܦࡁֶత implicationΑΓɺআ֎ͯ͠΋ྑ͍ɻ͕ͨͬͯ͠ɼ͕࣍ै͏ɻ
c(t) > 0 ∀t > 0 (36)
µ(t) = 0 ∀t > 0 (37)
࠷దԽͷे෼৚݅͸࣍ͷΑ͏ʹ؆୯ʹ֬ೝͰ͖Δɻ
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) = u′′(c(t)) < 0 (38)
∂2
∂k(t)2
L(c(t), k(t), λ(t), µ(t)) = λ(t)f ′′(k(t)) < 0 (39)
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) ∂
2
∂k(t)2
L(c(t), k(t), λ(t), µ(t))−
{(
∂2
∂k(t)c(t)
)}2
= λ(t)f ′′(k(t))u′′c(t) > 0 (40)
͜ͷ (38)-(40)ͷ৚݅Ͱɺdynamic Lagrangian͸ɺ੍ ޚม਺ c(t)ͱঢ়ଶม਺ k(t)ʹؔͯ͠ɺݫີʹԜ (strictly
concave)Ͱ͋Δ͜ͱ͕อূ͞Εͨɻ
ఆ
3.1 ఆৗঢ়ଶͷੑ࣭
લ߲Ͱड़΂ͨɺඞཁ৚͔݅Βಋ͔ΕΔղيಓ k∗(t; δ, η, ρ), c∗(t; δ, η, ρ) ͸ͦΕͧΕɺ࣍ͷΑ͏ͳఆৗঢ়ଶ
(steady state)ʹؼண͢Δɻ
k∗(t; δ, η, ρ) −→ kS(δ, η, ρ) (t→ +∞) (41)
c∗(t; δ, η, ρ) −→ cS(δ, η, ρ) (t→ +∞) (42)
4
　
͔͜͜Βɺ࠷దԽͷͨΊͷඞཁ৚݅ΛٻΊΔͱ࣍ΛಘΔɻ
∂
∂c(t)
(c(t), k(t), λ(t), µ(t)) u′(c(t))− λ(t) + µ(t) = 0 (29)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) = c(t) ≧ 0 (30)
µ(t) ≧ 0 (31)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) · µ(t) c(t)µ(t) = 0 (32)
λ˙(t) = (ρ− η)λ(t)− ∂
∂k(t)
(c(t), k(t), λ(t), µ(t)) λ(t) (δ + η + (ρ− η)− f ′(k(t))) (33)
k˙(t) = ∂
∂λ(t)
L(c(t), k(t), λ(t), µ(t)) = f(k(t))− (δ + η) k(t)− c(t) (34)
k(0) = k0 ≡
K(0)
L(0)
(35)
͜ΕΒͷதͰɺ(32)͸ɺফඅيಓͱͦΕʹର͢Δ shadow priceͷ૬ิεϥοΫੑΛҙຯ͍ͯ͠Δɻ͔͠͠ɺ
͢΂ͯͷ tʹؔͯ͠ c(t) = 0͸ܦࡁֶత implicationΑΓɺআ֎ͯ͠΋ྑ͍ɻ͕ͨͬͯ͠ɼ͕࣍ै͏ɻ
c(t) > 0 ∀t > 0 (36)
µ(t) = 0 ∀t > 0 (37)
࠷దԽͷे෼৚݅͸࣍ͷΑ͏ʹ؆୯ʹ֬ೝͰ͖Δɻ
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) = u′′(c(t)) < 0 (38)
∂2
∂k(t)2
L(c(t), k(t), λ(t), µ(t)) = λ(t)f ′′(k(t)) < 0 (39)
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) ∂
2
∂k(t)2
L(c(t), k(t), λ(t), µ(t))−
{(
∂2
∂k(t)c(t)
)}2
= λ(t)f ′′(k(t))u′′c(t) > 0 (40)
͜ͷ (38)-(40)ͷ৚݅Ͱɺdynamic Lagrangian͸ɺ੍ ޚม਺ c(t)ͱঢ়ଶม਺ k(t)ʹؔͯ͠ɺݫີʹԜ (strictly
concave)Ͱ͋Δ͜ͱ͕อূ͞Εͨɻ
3 ఆৗঢ়ଶ
3.1 ఆৗঢ়ଶͷੑ࣭
લ߲Ͱड़΂ͨɺඞཁ৚͔݅Βಋ͔ΕΔղيಓ k∗(t; δ, η, ρ), c∗(t; δ, η, ρ) ͸ͦΕͧΕɺ࣍ͷΑ͏ͳఆৗঢ়ଶ
(steady state)ʹؼண͢Δɻ
k∗(t; δ, η, ρ) −→ kS(δ, η, ρ) (t→ +∞) (41)
c∗(t; δ, η, ρ) −→ cS(δ, η, ρ) (t→ +∞) (42)
4
　　　　　　　　 
͔͜͜Βɺ࠷దԽͷͨΊͷඞཁ৚݅ΛٻΊΔͱ࣍ΛಘΔɻ
∂
∂c(t)
L(c(t), k(t), λ(t), µ(t)) = u′(c(t))− λ(t) + µ(t) = 0 (29)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) = c(t) ≧ 0 (30)
(t) ≧ 0 (31)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) · µ(t) = c(t µ(t) = 0 (32)
λ˙ t) = (ρ− η)λ(t)− ∂
∂k(t)
L c(t), k(t), λ(t), µ(t)) = λ(t) (δ + η + (ρ− η)− f ′(k(t))) (33)
k˙(t) = ∂
∂λ(t)
L(c(t), k(t), λ(t), µ(t)) = f(k(t))− (δ + η) k(t)− c(t) (34)
k(0) = k0 ≡
K(0)
L(0)
(35)
͜ΕΒͷதͰɺ(32)͸ɺফඅيಓͱͦΕʹର͢Δ shadow priceͷ૬ิεϥοΫੑΛҙຯ͍ͯ͠Δɻ͔͠͠ɺ
͢΂ͯͷ tʹؔͯ͠ c(t) = 0͸ܦࡁֶత implicationΑΓɺআ֎ͯ͠΋ྑ͍ɻ͕ͨͬͯ͠ɼ͕࣍ै͏ɻ
c(t) > 0 ∀t > 0 (36)
µ(t) = 0 ∀t > 0 (37)
࠷దԽͷे෼৚݅͸࣍ͷΑ͏ʹ؆୯ʹ֬ೝͰ͖Δɻ
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) = u′′(c(t)) < 0 (38)
∂2
∂k(t)2
L(c(t), k(t), λ(t), µ(t)) = λ(t)f ′′(k(t)) < 0 (39)
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) ∂
2
∂k(t)2
L(c(t), k(t), λ(t), µ(t))−
{(
∂2
∂k(t)c(t)
)}2
= λ(t)f ′′(k(t))u′′c(t) > 0 (40)
͜ͷ (38)-(40)ͷ৚݅Ͱɺdynamic Lagrangian͸ɺ੍ ޚม਺ c(t)ͱঢ়ଶม਺ k(t)ʹؔͯ͠ɺݫີʹԜ (strictly
concave)Ͱ͋Δ͜ͱ͕อূ͞Εͨɻ
3 ఆৗ
3.1 ఆৗঢ়ଶͷੑ࣭
લ߲Ͱड़΂ͨɺඞཁ৚͔݅Βಋ͔ΕΔղيಓ k∗(t; δ, η, ρ), c∗(t; δ, η, ρ) ͸ͦΕͧΕɺ࣍ͷΑ͏ͳఆৗঢ়ଶ
(steady state)ʹؼண͢Δɻ
k∗(t; δ, η, ρ) −→ kS(δ, η, ρ) (t→ +∞) (41)
c∗(t; δ, η, ρ) −→ cS(δ, η, ρ) (t→ +∞) (42)
4
　
͔͜͜Βɺ࠷దԽͷͨΊͷඞཁ৚݅ΛٻΊΔͱ࣍ΛಘΔɻ
∂c
u′(c(t))− λ(t) + µ(t) = 0 29
∂
∂µ(t)
L c(t), k(t), λ(t), ) = c(t) ≧ 0 (30)
µ(t) ≧ 0 (31)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) · µ(t c µ(t) = 0 2
λ˙(t) = (ρ− η)λ(t)−
k
λ t) (δ + η + (ρ− η)− f ′(k(t))) 3
k˙(t) = ∂
∂λ(t)
L(c(t), k(t), λ(t), µ(t) f(k(t))− (δ + η) k(t)− c(t) 4
k(0) = k0 ≡
K(0)
L(0)
(35)
͜ΕΒͷதͰɺ(32)͸ɺফඅيಓͱͦΕʹର͢Δ shadow priceͷ૬ิεϥοΫੑΛҙຯ͍ͯ͠Δɻ͔͠͠ɺ
͢΂ͯͷ tʹؔͯ͠ c(t) = 0͸ܦࡁֶత implicationΑΓɺআ֎ͯ͠΋ྑ͍ɻ͕ͨͬͯ͠ɼ͕࣍ै͏ɻ
c(t) > 0 ∀t > 0 (36)
µ(t) = 0 ∀t > 0 7
࠷దԽͷे෼৚݅͸࣍ͷΑ͏ʹ؆୯ʹ֬ೝͰ͖Δɻ
2
∂c
u′′(c(t)) < 0 8
∂2
∂k(t)2
(c(t), k(t), λ(t), µ(t)) λ(t)f ′′(k(t)) < 0 (39)
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) ∂
2
∂k(t)2
L(c(t), k(t), λ(t), µ(t))−
{(
∂2
∂k(t)c(t)
)}2
= λ(t)f ′′(k(t))u′′c(t) > 0 (40)
͜ͷ (38)-(40)ͷ৚݅Ͱɺdynamic Lagrangian͸ɺ੍ ޚม਺ c(t)ͱঢ়ଶม਺ k(t)ʹؔͯ͠ɺݫີʹԜ (strictly
concave)Ͱ͋Δ͜ͱ͕อূ͞Εͨɻ
3 ఆৗঢ়ଶ
3.1 ఆৗঢ়ଶͷੑ࣭
લ߲Ͱड़΂ͨɺඞཁ৚͔݅Βಋ͔ΕΔղيಓ k∗(t; δ, η, ρ), c∗(t; δ, η, ρ) ͸ͦΕͧΕɺ࣍ͷΑ͏ͳఆৗঢ়ଶ
(steady state)ʹؼண͢Δɻ
k∗(t; δ, η, ρ) −→ kS(δ, η, ρ) (t→ +∞) (41)
c∗(t; δ, η, ρ) −→ cS(δ, η, ρ) (t→ +∞) (42)
4
　
͔͜͜Βɺ࠷దԽͷͨΊͷඞཁ৚݅ΛٻΊΔͱ࣍ΛಘΔɻ
∂
∂c(t)
L(c(t), k(t), λ(t), µ(t)) = u′(c(t))− λ(t) + µ(t) = 0 (29)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) = c(t) ≧ 0 (30)
µ(t) ≧ 0 (31)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) · µ(t) = c(t)µ(t) = 0 (32)
λ˙(t) = (ρ− η)λ(t)− ∂
∂k(t)
L(c(t), k(t), λ(t), µ(t)) = λ(t) (δ + η + (ρ− η)− f ′(k(t))) (33)
k˙(t) = ∂
∂λ(t)
L(c(t), k(t), λ(t), µ(t)) = f(k(t))− (δ + η) k(t)− c(t) (34)
k(0) = k0 ≡
K(0)
L(0)
(35)
͜ΕΒͷதͰɺ(32)͸ɺফඅيಓͱͦΕʹର͢Δ shadow priceͷ૬ิεϥοΫੑΛҙຯ͍ͯ͠Δɻ͔͠͠ɺ
͢΂ͯͷ tʹؔͯ͠ c(t) = 0͸ܦࡁֶత implicationΑΓɺআ֎ͯ͠΋ྑ͍ɻ͕ͨͬͯ͠ɼ͕࣍ै͏ɻ
c(t) > 0 ∀t > 0 (36)
µ = 0 ∀t > 0 (37)
࠷దԽͷे෼৚݅͸࣍ͷΑ͏ʹ؆୯ʹ֬ೝͰ͖Δɻ
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) = u′′(c(t)) < 0 (38)
∂2
∂k(t)2
L(c(t), k(t), λ(t), µ(t)) = λ(t)f ′′(k(t)) < 0 (39)
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) ∂
2
∂k(t)2
L(c(t), k(t), λ(t), µ(t))−
{(
∂2
∂k(t)c(t)
)}2
= λ(t)f ′′(k(t))u′′c(t) > 0 (40)
͜ͷ (38)-(40)ͷ৚݅Ͱɺdynamic Lagrangian͸ɺ੍ ޚม਺ c(t)ͱঢ়ଶม਺ k(t)ʹؔͯ͠ɺݫີʹԜ (strictly
concave)Ͱ͋Δ͜ͱ͕อূ͞Εͨɻ
3 ఆৗঢ়ଶ
3.1 ఆৗঢ়ଶͷੑ࣭
લ߲Ͱड़΂ͨɺඞཁ৚͔݅Βಋ͔ΕΔղيಓ k∗(t; δ, η, ρ), c∗(t; δ, η, ρ) ͸ͦΕͧΕɺ࣍ͷΑ͏ͳఆৗঢ়ଶ
(steady state)ʹؼண͢Δɻ
k∗(t; δ, η, ρ) −→ kS(δ, η, ρ) (t→ +∞) (41)
c∗(t; δ, η, ρ) −→ cS(δ, η, ρ) (t→ +∞) (42)
4
　
͔͜͜Βɺ࠷దԽͷͨΊͷඞཁ৚݅ΛٻΊΔͱ࣍ΛಘΔɻ
∂
∂c(t)
L(c(t), k(t), λ(t), µ(t)) = u′(c(t))− λ(t) + µ(t) = 0 (29)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) = c(t) ≧ 0 (30)
µ(t) ≧ 0 (31)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) · µ(t) c(t)µ(t) = 0 ( 2)
λ˙(t) = (ρ− η)λ(t)− ∂
∂k(t)
L(c(t), k(t), λ(t), µ(t)) = λ(t) (δ + η + (ρ− η)− f ′(k(t))) (33)
k˙(t) = ∂
∂λ(t)
L(c(t), k(t), λ(t), µ(t)) = f(k(t))− (δ + η) k(t)− c(t) (34)
k(0) = k0 ≡
K(0)
L(0)
(35)
͜ΕΒͷதͰɺ(32)͸ɺফඅيಓͱͦΕʹର͢Δ shadow priceͷ૬ิεϥοΫੑΛҙຯ͍ͯ͠Δɻ͔͠͠ɺ
͢΂ͯͷ tʹؔͯ͠ c(t) = 0͸ܦࡁֶత implicationΑΓɺআ֎ͯ͠΋ྑ͍ɻ͕ͨͬͯ͠ɼ͕࣍ै͏ɻ
c(t) > 0 ∀t > 0 (36)
µ(t) = 0 ∀t > 0 (37)
࠷దԽͷे෼৚݅͸࣍ͷΑ͏ʹ؆୯ʹ֬ೝͰ͖Δɻ
= u′′(c(t)) < 0 (38)
∂2
∂k(t)2
(c(t), (t), (t), (t)) = λ(t)f ′′(k(t)) < 0 (39)
2
c(t)2
(c(t), (t), (t), (t)) ∂
2
∂k(t)2
L(c(t), k(t), λ(t), µ(t))−
{(
∂2
∂k(t)c(t)
)}2
= λ(t)f ′′(k(t))u′′c(t) > 0 (40)
͜ͷ (38)-(40)ͷ৚݅Ͱɺdynamic Lagrangian͸ɺ੍ ޚม਺ c(t)ͱঢ়ଶม਺ k(t)ʹؔͯ͠ɺݫີʹԜ (strictly
concave)Ͱ͋Δ͜ͱ͕อূ͞Εͨɻ
3 ఆৗঢ়ଶ
3.1 ఆৗঢ়ଶͷੑ࣭
લ߲Ͱड़΂ͨɺඞཁ৚͔݅Βಋ͔ΕΔղيಓ k∗(t; δ, η, ρ), c∗ ; δ, η, ρ) ͸ͦΕͧΕɺ࣍ͷΑ͏ͳఆৗঢ়ଶ
(steady state)ʹؼண͢Δɻ
k∗(t; δ, η, ρ) −→ kS(δ, η, ρ) (t→ +∞) (41)
c∗(t; δ, η, ρ) −→ cS(δ, η, ρ) (t→ +∞) (42)
4
͔͜͜Βɺ࠷దԽͷͨΊͷඞཁ৚݅ΛٻΊΔͱ࣍ΛಘΔɻ
∂
∂c(t)
L(c(t), k(t), λ(t), µ(t ) = u′(c(t )− λ(t) + µ(t) = 0 (29)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t ) = c(t) ≧ 0 (30)
µ(t) ≧ 0 (31)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t ) · µ(t) = c(t)µ(t) = 0 (32)
λ˙(t) = (ρ− η)λ(t)− ∂
∂k(t)
L(c(t), k(t), λ(t), µ(t ) = λ(t) (δ + η + (ρ− η)− f ′(k(t ) ( 3)
k˙(t) = ∂
∂λ(t)
L(c(t), k(t), λ(t), µ(t ) = f(k(t )− (δ + η) k(t)− c(t) (34)
k(0) = k0 ≡
K(0)
L(0)
(35)
͜ΕΒͷதͰɺ(32)͸ɺফඅيಓͱͦΕʹର͢Δ shadow priceͷ૬ิεϥοΫੑΛҙຯ͍ͯ͠Δɻ͔͠͠ɺ
͢΂ͯͷ tʹؔͯ͠ c(t) = 0͸ܦࡁֶత implicationΑΓɺআ֎ͯ͠΋ྑ͍ɻ͕ͨͬͯ͠ɼ͕࣍ै͏ɻ
c(t) > 0 ∀t > 0 (36)
µ(t) = 0 ∀t > 0 (37)
࠷దԽͷे෼৚݅͸࣍ͷΑ͏ʹ؆୯ʹ֬ೝͰ͖Δɻ
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t ) = u′′(c(t ) < 0 (38)
∂2
k(t)2
(c(t), k(t), λ(t), µ(t ) = λ(t)f ′′(k(t ) < 0 (39)
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t ) ∂
2
∂k(t)2
L(c(t), k(t), λ(t), µ(t )−
{(
∂2
∂k(t)c(t)
)}2
= λ(t)f ′′(k(t )u′′c(t) > 0 (40)
͜ͷ (38)-(40)ͷ৚݅Ͱɺdynamic Lagrangian͸ɺ੍ ޚม਺ c(t)ͱঢ়ଶม਺ k(t)ʹؔͯ͠ɺݫີʹԜ (strictly
concave)Ͱ͋Δ͜ͱ͕อূ͞Εͨɻ
3
3.1 ఆৗঢ়ଶͷੑ࣭
લ߲Ͱड़΂ͨɺඞཁ৚͔݅Βಋ͔ΕΔղيಓ k∗(t; , c∗(t; δ, η, ρ) ͸ͦΕͧΕɺ࣍ͷΑ͏ͳఆৗঢ়ଶ
(steady state)ʹؼண͢Δɻ
k∗(t; δ, η, ρ) −→ kS(δ, η, ρ) (t→ +∞) (41)
c∗(t; δ, η, ρ) −→ cS(δ, η, ρ) (t→ +∞) (42)
4
͔͜Βɺ࠷దԽͷͨΊͷඞཁ৚݅ΛٻΊΔͱ࣍ΛಘΔɻ
∂
∂c(t)
L c(t), k(t), λ(t), µ(t ) = u′ c(t )− λ(t) + µ(t) = 0 (29)
∂
∂µ(t)
L c(t), k(t), λ(t), µ(t ) = c(t) ≧ 0 (30)
µ(t) ≧ 0 (31)
∂
∂µ(t)
L c(t), k(t), λ(t), µ(t ) · µ(t) = c(t)µ(t) = 0 (32)
λ˙(t) = (ρ− η)λ(t)− ∂
∂k(t)
L c(t), k(t), λ(t), µ(t ) = λ(t) (δ + η + (ρ− η)− f ′( (t ) (33)
k˙(t) = ∂
∂λ( )
L c(t), k(t), λ(t), µ(t ) = f(k(t )− (δ + η) k(t)− c(t) (34)
k(0) = k0 ≡
K(0)
L(0)
(35)
͜ΕΒͷதͰɺ(32)͸ɺফඅيಓͱͦΕʹର͢Δ shadow priceͷ૬ิεϥοΫੑΛҙຯ͍ͯ͠Δɻ͔͠͠ɺ
͢΂ͯͷ tʹؔͯ͠ c(t) = 0͸ܦࡁֶత implicationΑΓɺআ֎ͯ͠΋ྑ͍ɻ͕ͨͬͯ͠ɼ͕࣍ै͏ɻ
c(t) > 0 ∀t > 0 (36)
µ(t) = 0 ∀ > 0 (37)
࠷దԽͷे෼৚݅͸࣍ͷΑ͏ʹ؆୯ʹ֬ೝͰ͖Δɻ
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t ) = u′′ c t ) < 0 (38)
∂2
∂k(t)2
L c(t), k(t), λ(t), µ(t ) = λ(t)f ′′ k(t ) < 0 (39)
∂2
∂c(t)2
L c(t), k(t), λ(t), µ(t ) ∂
2
∂k(t)2
L c(t), k(t), λ(t), µ(t )−
{(
∂2
∂k(t)c(t)
)}2
= λ(t)f ′′(k(t )u′′c(t) > 0 (40)
͜ͷ (38)-(40)ͷ৚݅Ͱɺdynamic Lagrangian͸ɺ੍ ޚม਺ c(t)ͱঢ়ଶม਺ k(t)ʹؔͯ͠ɺݫີʹԜ (strictly
concave)Ͱ͋Δ͜ͱ͕อূ͞Εͨɻ
3 ఆৗঢ়ଶ
3.1
લ߲Ͱड़΂ͨɺඞཁ৚͔݅Βಋ͔ΕΔղيಓ k∗(t; δ, η, ρ), c∗(t; δ, η, ρ) ͸ͦΕͧΕɺ࣍ͷΑ͏ͳఆৗঢ়ଶ
(steady state)ʹؼண͢Δɻ
k∗(t; δ, η, ρ) − kS(δ, η, ρ) (t + ) (41)
c∗(t; δ, η, ρ) − cS(δ, η, ρ) (t + ) (42)
4
͜ ͔Βɺ࠷దԽͷͨΊͷඞཁ৚݅ΛٻΊΔͱ࣍ΛಘΔɻ
∂
∂c(t)
L(c t), k(t), λ(t), µ(t) = u′(c t) − λ(t) + µ(t) = 0 (29)
∂
∂µ(t)
L(c t), k(t), λ(t), µ(t) = c(t) ≧ 0 (30)
µ(t) ≧ 0 (31)
∂
∂µ(t)
L(c t), k(t), λ(t), µ(t) · µ(t) = c(t)µ(t) = 0 (32)
λ˙(t) = (ρ− η)λ(t)− ∂
∂k(t)
L(c t), k(t), λ(t), µ(t) = λ(t) (δ + η + (ρ− η)− f ′(k(t) (3 )
k˙(t) = ∂
∂λ(t)
L(c t), k(t), λ(t), µ(t) = f(k t) − (δ + η) k(t)− c(t) (34)
k(0) = k0 ≡
K(0)
L(0)
(35)
͜ΕΒͷதͰɺ(32)͸ɺফඅيಓͱͦΕʹର͢Δ shadow priceͷ૬ิεϥοΫੑΛҙຯ͍ͯ͠Δɻ͔͠͠ɺ
͢΂ͯͷ tʹؔͯ͠ c(t) = 0͸ܦࡁֶత implicationΑΓɺআ֎ͯ͠΋ྑ͍ɻ͕ͨͬͯ͠ɼ͕࣍ै͏ɻ
c(t) > 0 ∀t > 0 (36)
µ(t) = 0 ∀t > 0 (37)
࠷దԽͷे෼৚݅͸࣍ͷΑ͏ʹ؆୯ʹ֬ೝͰ͖Δɻ
∂2
∂c(t)2
L(c t), k(t), λ(t), µ(t) = u′′(c t) < 0 (38)
∂2
∂k(t)2
L(c t), k(t), λ(t), µ(t) = λ(t)f ′′(k < 0 (39)
∂2
∂c(t)2
L(c t), k(t), λ(t), µ(t) ∂
2
∂k(t)2
L(c t), k(t), λ(t), µ(t) −
{(
∂2
∂k(t)c(t)
)}2
= λ(t)f ′′(k(t) u′′c(t) > 0 (40)
͜ͷ (38)-(40)ͷ৚݅Ͱɺdynamic Lagrangian͸ɺ੍ ޚม਺ c(t)ͱঢ়ଶม਺ k(t)ʹؔͯ͠ɺݫີʹԜ (strictly
concave)Ͱ͋Δ͜ͱ͕อূ͞Εͨɻ
3
3.1 ఆৗঢ়ଶͷੑ࣭
લ߲Ͱड़΂ͨɺඞཁ৚͔݅Βಋ͔ΕΔղيಓ k∗(t; δ, η, ρ), c∗(t; δ, η, ρ) ͸ͦΕͧΕɺ࣍ͷΑ͏ͳఆৗঢ়ଶ
(steady sta e)ʹؼண͢Δɻ
k∗(t; δ, η, ρ) −→ kS(δ, η, ρ) (t→ +∞) (41)
c∗(t; δ, η, ρ) −→ cS(δ, η, ρ) (t→ +∞) (42)
4
　　　　　 
この－の条件で，dynamic Lagrangianは，
制御変数 c（t）と状態変数 k（t）に関して，厳密
に凹（strictly concave）であることが保証さ
れた。
3 　定常状態
3 . 1 　定常状態の性質
前項で述べた，必要条件から導かれる解軌道
k＊（t；δ,η,ρ）；c＊（t；δ,η,ρ）はそれぞれ，
次のような定常状態（steady state）に帰着す
る。
͔͜͜Βɺ࠷దԽͷͨΊͷඞཁ৚݅ΛٻΊΔͱ࣍ΛಘΔɻ
∂
∂c(t)
L(c(t), k(t), λ(t), µ ) = u′(c(t)) λ(t) + µ(t) = 0 (29)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ ) = c(t) ≧ 0 (30)
µ(t) ≧ 0 (31)
∂
∂µ(t)
L(c(t), k(t), λ(t), µ(t)) · µ(t) = c(t)µ(t) = 0 (32)
λ˙(t) = (ρ− η)λ(t)− ∂
∂k(t)
L(c(t), k(t), λ(t), µ(t)) = λ(t) (δ + η + (ρ− η)− f ′(k(t))) (33)
k˙(t) = ∂
∂λ(t)
L(c(t), k(t), λ(t), µ(t)) = f(k(t))− (δ + η) k(t)− c(t) (34)
k(0) = k0 ≡
K(0)
L(0)
(35)
͜ΕΒͷதͰɺ(32)͸ɺফඅيಓͱͦΕʹର͢Δ shadow priceͷ૬ิεϥοΫੑΛҙຯ͍ͯ͠Δɻ͔͠͠ɺ
͢΂ͯͷ tʹؔͯ͠ c(t) = 0͸ܦࡁֶత implicationΑΓɺআ֎ͯ͠΋ྑ͍ɻ͕ͨͬͯ͠ɼ͕࣍ै͏ɻ
c(t) > 0 ∀t > 0 (36)
µ(t) = 0 ∀t > 0 (37)
࠷దԽͷे෼৚݅͸࣍ͷΑ͏ʹ؆୯ʹ֬ೝͰ͖Δɻ
∂2
∂c(t)2
L(c(t), k t), λ(t), µ(t)) = u′′(c(t)) < 0 (38)
∂2
∂k(t)2
L(c(t), k(t), λ(t), µ(t)) = λ(t)f ′′(k(t)) < 0 (39)
∂2
∂c(t)2
L(c(t), k(t), λ(t), µ(t)) ∂
2
∂k(t)2
L(c(t), k(t), λ(t), µ(t))−
{(
∂2
∂k(t)c(t)
)}2
= λ(t)f ′′(k(t))u′′c(t) > 0 (40)
͜ͷ (38)-(40)ͷ৚݅Ͱɺdynamic Lagrangian͸ɺ੍ ޚม਺ c(t)ͱঢ়ଶม਺ k(t)ʹؔͯ͠ɺݫີʹԜ (strictly
concave)Ͱ͋Δ͜ͱ͕อূ͞Εͨɻ
3 ఆৗঢ়ଶ
3.1 ఆৗঢ়ଶͷੑ࣭
લ߲Ͱड़΂ͨɺඞཁ৚͔݅Βಋ͔ΕΔղيಓ k∗(t; δ, η, ρ), c∗(t; δ, η, ρ) ͸ͦΕͧΕɺ࣍ͷΑ͏ͳఆৗঢ়ଶ
(steady state)ʹؼண͢Δɻ
k∗(t; δ, η, ρ) −→ kS(δ, η, ρ) (t→ +∞) (41)
c∗(t; δ, η, ρ) −→ cS(δ, η, ρ) (t→ +∞) (42)
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
∂
∂c(t)
(c(t , k(t), (t), t)) ′ c(t)) (t) (t) 0 (29)
∂
∂ (t)
(c(t), k(t), (t), (t ) c(t) 0 30)
(t) 0 (31)
∂
∂ (t)
(c(t), k(t), (t), (t)) · (t) c(t) (t) 0 (32)
˙ (t) (ρ η) (t) ∂
∂k(t)
(c(t), k(t), (t), (t)) (t) (δ η (ρ η) f ′(k(t))) (33)
k˙(t) ∂
∂ (t)
(c(t), k(t), (t), (t)) f(k(t)) (δ η) k(t) c(t) (34)
k(0) k0
(0)
(0)
(35)
(32) shado price
t c(t) 0 i plication
c(t) 0 ∀t 0 (36)
(t) 0 ∀t 0 (37)
∂2
∂c(t)2
(c(t), k(t), (t), (t)) ′′(c(t)) 0 (38)
∂2
∂k(t)2
(c(t), k(t), (t), (t)) (t)f ′′(k(t)) 0 (39)
∂2
∂c(t)2
(c(t), k(t), (t), (t)) ∂
2
∂k(t)2
(c(t), k(t), (t), (t)) ∂
2
∂k(t)c(t)
2
(t)f ′′(k(t)) ′′c(t) 0 (40)
(38)-(40) na ic agrangian c(t) k(t) (strictly
concave)
.
k∗(t; δ, η, ρ), c∗(t; δ, η, ρ)
(steady state)
k∗(t; δ, η, ρ) kS(δ, η, ρ) (t ) (41)
c∗(t; δ, η, ρ) cS(δ, η, ρ) (t ) (42)
4

ここで改めて，経常価値Hamiltonian（current 
value Hamiltonian）
͜͜ͰվΊͯɺܦৗՁ஋ Hamiltonian (current value Hamiltonian)H(c(t), k(t), λ(t)) Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
H(c(t), k(t), λ(t)) := u(c(t)) + λ(t) (f(k(t))− c(t)(δ − η)) (43)
(36) ͱ (37) ʹΑΓɺಈֶతܦৗՁ஋ Lagrangian(28) ͱ (43) ͸ຊ࣭తʹಉҰͷࣜͱͳΔɻ͕ͨͬͯ͠ɺ
(29)ͭ·Γ ∂
∂c(t)
H(c, k, µ) = u′(c)− λ = 0͔Βɺӄؔ਺ఆཧ (implicit function theorem)Λ༻͍ͯɺλͷ
ؔ਺ͱͯ͠ͷ c = c˜(λ)ͷ܏͖ΛٻΊΔ͜ͱ͕Ͱ͖Δɻ
c˜′(λ) = −
∂2
∂c∂λH
∂2
∂c2H
�����
c=c˜(λ)
= 1
u′′(c˜(λ))
< 0 (44)
ଟ͘ͷ৔߹ɺ৽ݹయ೿࠷ద੒௕࿦Ͱ͸ɺk(t)ͱ c(t)ͷؒͷಈֶతؔ܎ͱͯ͠෼ੳ͞ΕΔ͜ͱ͕ଟ͍ɻ͔͠
͠ɺม਺ λ(t)͸ɺҰਓ͋ͨΓࢿຊ k(t)ͷ shadow priceͰ͋Δ͜ͱ͸ɺ(33)͔ΒΘ͔Δɻ·ͨɺ(??)ʹΑͬ
ͯɺc(t)ͱ λ(t)͸ 1ର 1ͷؔ܎ʹ͋Δ͜ͱ΋໌Β͔Ͱ͋Δɻ͜ͷޙ͸ɺ͜ͷಈతγεςϜΛ k(t)ͱ λ(t)ͷؔ
܎ͱΈͳ͢͜ͱʹͯ͠ɺٞ࿦Λ͢͢ΊΔ͜ͱʹ͠Α͏ɻ͜Ε͸ɺޮ༻ؔ਺ c(·)ͷؔ਺ܗΛಛఆ͠ͳ͍ͨΊʹඞ
ཁͱ͞ΕΔ޻෉Ͱ͋Δɻ
(33)͓Αͼ (34)͓Αͼ c˜(λ(t))ͷఆٛΑΓ࣍ΛಘΔɻ
k˙(t) = f(k(t))− (δ + η)k(t)− c˜(λ) (45)
λ˙(t) = λ(t) (δ + η + (ρ− η)− f ′(k(t)) (46)
͜ͷ 2ࣜͰද͞ΕΔ λͱ k ͷ dynamical system͕ɺ͜ΕҎ߱ͷ෼ੳͷओ؟ʹͳΔɻ
্ͷ dynamical system ͷղ͸ɺ(41) ͱ (42) ʹରԠ͍ͯ͠Δɻ͜͜Ͱɺ(42) ͷٯؔ਺Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
c = cs(δ, η, ρ) ⇐⇒ λ = λs(δ, η, ρ) (47)
ͦͷ্Ͱɺks(δ.η, ρ)ͱ λs(δ, η, ρ) Λ dynamical system (45)ͱ (46)ʹ୅ೖ͢Δͱɺλ˙ = 0 ͱ k˙ = 0ΛಘΔɻ
f(k(t))− (δ + η)k(t)− c˜(λ) = 0 (48)
λ(t) (δ + η + (ρ− η)− f ′(k(t)) = 0 (49)
্ͷ 2 ࣜΛಉ࣌ʹຬͨ͢ͷ͕ɺఆৗঢ়ଶ ks(δ.η, ρ) ͱ λs(δ, η, ρ) Ͱ͋Δɻͦͷ҆ఆੑΛ൑ఆ͢ΔͨΊ
ʹɺ্ 2 ࣜΛఆৗঢ়ଶपΓͰઢܗܝࣔΛ͢ΔɻͦͷͨΊʹɺఆৗঢ়ଶपΓͷϠίϏΞϯ (Jacobian) ߦྻ
J (ks(δ.η, ρ), λs(δ, η, ρ))Λ΋ͱΊΔͱɺ
J (ks(δ.η, ρ), λs(δ, η, ρ)) :=


∂k˙(t)
∂k(t)
∂k˙(t)
∂λ(t)
∂λ˙(t)
∂k(t)
∂λ˙(t)
∂λ(t)


������
k˙(t)=0,λ˙(t)=0
=
(
f ′(k(t))− (δ + η) −c˜′(λ(t))
−λ(t)f ′′(k(t)) δ + η + ρ− η − f ′(k(t))
)�����
k˙(t)=0,λ˙(t)=0
=
(
ρ− η −c˜′(λs(δ, η, η))
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) 0
)
(50)
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（c（t），k（t），λ（t））を次
のように定義する。
͜͜ͰվΊͯɺܦৗՁ஋ Hamiltonian (current value Hamilto ian)H(c(t), k(t), λ(t)) Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
H(c(t), k(t), λ(t)) := u(c(t)) + λ(t) (f(k(t))− c(t)(δ − η)) (43)
(36) ͱ (37) ʹΑΓɺಈֶతܦৗՁ஋ Lagrangian(28) ͱ (43) ͸ຊ࣭తʹಉҰͷࣜͱͳΔɻ͕ͨͬͯ͠ɺ
(29)ͭ·Γ ∂
∂c(t)
H(c, k, µ) = u′(c)− λ = 0͔Βɺӄؔ਺ఆཧ (implicit function theorem)Λ༻͍ͯɺλͷ
ؔ਺ͱͯ͠ͷ c = c˜(λ)ͷ܏͖ΛٻΊΔ͜ͱ͕Ͱ͖Δɻ
c˜′(λ) = −
∂2
∂c∂λH
∂2
∂c2H
�����
c=c˜(λ)
= 1
u′′(c˜(λ))
< 0 (44)
ଟ͘ͷ৔߹ɺ৽ݹయ೿࠷ద੒௕࿦Ͱ͸ɺk(t)ͱ c(t)ͷؒͷಈֶతؔ܎ͱͯ͠෼ੳ͞ΕΔ͜ͱ͕ଟ͍ɻ͔͠
͠ɺม਺ λ(t)͸ɺҰਓ͋ͨΓࢿຊ k(t)ͷ shadow priceͰ͋Δ͜ͱ͸ɺ(33)͔ΒΘ͔Δɻ·ͨɺ(??)ʹΑͬ
ͯɺc(t)ͱ λ(t)͸ 1ର 1ͷؔ܎ʹ ͜ͱ΋໌Β͔Ͱ͋Δɻ͜ͷޙ͸ɺ͜ͷಈతγεςϜΛ k(t)ͱ λ(t)ͷؔ
܎ͱΈͳ͢͜ͱʹͯ͠ɺٞ࿦Λ͢͢ΊΔ͜ͱʹ͠Α͏ɻ͜Ε͸ɺޮ༻ؔ਺ c(·)ͷؔ਺ܗΛಛఆ͠ͳ͍ͨΊʹඞ
ཁͱ͞ΕΔ޻෉Ͱ͋Δɻ
(33)͓Αͼ (34)͓Αͼ c˜(λ(t))ͷఆٛΑΓ࣍ΛಘΔɻ
k˙(t) = f(k(t))− (δ + η)k(t)− c˜(λ) (45)
λ˙(t) = λ(t) (δ + η + (ρ− η)− f ′(k(t)) (46)
͜ͷ 2ࣜͰද͞ΕΔ λͱ k ͷ dynamical system͕ɺ͜ΕҎ߱ͷ෼ੳͷओ؟ʹͳΔɻ
্ͷ dynamical system ͷղ͸ɺ(41) ͱ (42) ʹରԠ͍ͯ͠Δɻ͜͜Ͱɺ(42) ͷٯؔ਺Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
c = cs(δ, η, ρ) ⇐⇒ λ = λs(δ, η, ρ) (47)
ͦͷ্Ͱɺks(δ.η, ρ)ͱ λs(δ, η, ρ) Λ dynamical system (45)ͱ (46)ʹ୅ೖ͢Δͱɺλ˙ = 0 ͱ k˙ = 0ΛಘΔɻ
f(k(t))− (δ + η)k(t)− c˜(λ) = 0 (48)
λ(t) (δ + η + (ρ− η)− f ′(k(t)) = 0 (49)
্ͷ 2 ࣜΛಉ࣌ʹຬͨ͢ͷ͕ɺఆৗঢ়ଶ ks(δ.η, ρ) ͱ λs(δ, η, ρ) Ͱ͋Δɻͦͷ҆ఆੑΛ൑ఆ͢ΔͨΊ
ʹɺ্ 2 ࣜΛఆৗঢ়ଶपΓͰઢܗܝࣔΛ͢ΔɻͦͷͨΊʹɺఆৗঢ়ଶपΓͷϠίϏΞϯ (Jacobian) ߦྻ
J (ks(δ.η, ρ), λs(δ, η, ρ))Λ΋ͱΊΔͱɺ
J (ks(δ.η, ρ), λs(δ, η, ρ)) :=


∂k˙(t)
∂k(t)
∂k˙(t)
∂λ(t)
∂λ˙(t)
∂k(t)
∂λ˙(t)
∂λ(t)


������
k˙(t)=0,λ˙(t)=0
=
(
f ′(k(t))− (δ + η) −c˜′(λ(t))
−λ(t)f ′′(k(t)) δ + η + ρ− η − f ′(k(t))
)�����
k˙(t)=0,λ˙(t)=0
=
(
ρ− η −c˜′(λs(δ, η, η))
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) 0
)
(50)
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͜͜ͰվΊͯɺܦৗՁ஋ Hamiltonian (current value Hamiltonian)H(c(t), k(t), λ(t)) Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
H(c(t), k(t), λ(t)) := u(c(t)) + λ(t) (f(k(t))− c(t)(δ − η)) (43)
(36) ͱ (37) ʹΑΓɺಈֶతܦৗՁ஋ Lagrangian(28) ͱ (43) ͸ຊ࣭తʹಉҰͷࣜͱͳΔɻ͕ͨͬͯ͠ɺ
(29)ͭ·Γ ∂
∂c(t)
H(c, k, µ) = u′(c)− λ = 0͔Βɺӄؔ਺ఆཧ (implicit function theorem)Λ༻͍ͯɺλͷ
ؔ਺ͱͯ͠ͷ c = c˜(λ)ͷ܏͖ΛٻΊΔ͜ͱ͕Ͱ͖Δɻ
c˜′(λ) = −
∂2
∂c∂λH
∂2
∂c2H
�����
c=c˜(λ)
= 1
u′′(c˜(λ))
< 0 (44)
ଟ͘ͷ৔߹ɺ৽ݹయ೿࠷ద੒௕࿦Ͱ͸ɺk(t)ͱ c(t)ͷؒ ಈֶతؔ܎ͱͯ͠෼ੳ͞ΕΔ͜ͱ͕ଟ͍ɻ͔͠
͠ɺม਺ λ(t)͸ɺҰਓ͋ͨΓࢿຊ k(t)ͷ shadow priceͰ͋Δ͜ͱ͸ɺ(33)͔ΒΘ͔Δɻ·ͨɺ(??)ʹΑͬ
ͯɺc(t)ͱ λ(t)͸ 1ର 1ͷؔ܎ʹ͋Δ͜ͱ΋໌Β͔Ͱ͋Δɻ͜ͷޙ͸ɺ͜ͷಈతγεςϜΛ k(t)ͱ λ(t)ͷؔ
܎ͱΈͳ͢͜ͱʹͯ͠ɺٞ࿦Λ͢͢ΊΔ͜ͱʹ͠Α͏ɻ͜Ε͸ɺޮ༻ؔ਺ c(·)ͷؔ਺ܗΛಛఆ͠ͳ͍ͨΊʹඞ
ཁͱ͞ΕΔ޻෉Ͱ͋Δɻ
(33)͓Αͼ (34)͓Αͼ c˜(λ(t))ͷఆٛΑΓ࣍ΛಘΔɻ
k˙(t) = f(k(t))− (δ + η)k(t)− c˜(λ) (45)
λ˙(t) = λ(t) (δ + η + (ρ− η)− f ′(k(t)) (46)
͜ͷ 2ࣜͰද͞ΕΔ λͱ k ͷ dynamical system͕ɺ͜ΕҎ߱ͷ෼ੳͷओ؟ʹͳΔɻ
্ͷ dynamical system ͷղ͸ɺ(41) ͱ (42) ʹରԠ͍ͯ͠Δɻ͜͜Ͱɺ(42) ͷٯؔ਺Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
c = cs(δ, η, ρ) ⇐⇒ λ = λs(δ, η, ρ) (47)
ͦͷ্Ͱɺks(δ.η, ρ)ͱ λs(δ, η, ρ) Λ dynamical system (45)ͱ (46)ʹ୅ೖ͢Δͱɺλ˙ = 0 ͱ k˙ = 0ΛಘΔɻ
f(k(t))− (δ + η)k(t)− c˜(λ) = 0 (48)
λ(t) (δ + η + (ρ− η)− f ′(k(t)) = 0 (49)
্ͷ 2 ࣜΛಉ࣌ʹຬͨ͢ͷ͕ɺ ks(δ.η, ρ) ͱ λs(δ, η, ρ) Ͱ͋Δɻͦͷ҆ఆੑΛ൑ఆ͢ΔͨΊ
ʹɺ্ 2 ࣜΛఆৗঢ়ଶपΓͰઢܗܝࣔΛ͢ΔɻͦͷͨΊʹɺఆৗঢ়ଶपΓͷϠίϏΞϯ (Jacobian) ߦྻ
J (ks(δ.η, ρ), λs(δ, η, ρ))Λ΋ͱΊΔͱɺ
J (ks(δ.η, ρ), λs(δ, η, ρ)) :=


∂k˙(t)
∂k(t)
∂k˙(t)
∂λ(t)
∂λ˙(t)
∂k(t)
∂λ˙(t)
∂λ(t)


������
k˙(t)=0,λ˙(t)=0
=
(
f ′(k(t))− (δ + η) −c˜′(λ(t))
−λ(t)f ′′(k(t)) δ + η + ρ− η − f ′(k(t))
)�����
k˙(t)=0,λ˙(t)=0
=
(
ρ− η −c˜′(λs(δ, η, η))
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) 0
)
(50)
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 
とにより，動学的経常価値 Lagrangian
とは本質的に同一の式となる。したがっ
て，つまり∂c
∂
（t）
͜͜ͰվΊͯɺܦৗՁ஋ Hamiltonian (current value Hamiltonian)H(c(t), k(t), λ(t)) Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
H(c(t), k(t), λ(t)) := u(c(t)) + λ(t) (f(k(t))− c(t)(δ − η)) (43)
(36) ͱ (37) ʹΑΓɺಈֶతܦৗՁ஋ Lagrangian(28) ͱ (43) ͸ຊ࣭తʹಉҰͷࣜͱͳΔɻ͕ͨͬͯ͠ɺ
(29)ͭ·Γ ∂
∂c(t)
H(c, k, µ) = u′(c)− λ = 0͔Βɺӄؔ਺ఆཧ (implicit function theorem)Λ༻͍ͯɺλͷ
ؔ਺ͱͯ͠ͷ c = c˜(λ)ͷ܏͖ΛٻΊΔ͜ͱ͕Ͱ͖Δɻ
c˜′(λ) = −
∂2
∂c∂λH
∂2
∂c2H
�����
c=c˜(λ)
= 1
u′′(c˜(λ))
< 0 (44)
ଟ͘ͷ৔߹ɺ৽ݹయ೿࠷ద੒௕࿦Ͱ͸ɺk(t)ͱ c(t)ͷؒͷಈֶతؔ܎ͱͯ͠෼ੳ͞ΕΔ͜ͱ͕ଟ͍ɻ͔͠
͠ɺม਺ λ(t)͸ɺҰਓ͋ͨΓࢿຊ k(t)ͷ shadow priceͰ͋Δ͜ͱ͸ɺ(33)͔ΒΘ͔Δɻ·ͨɺ(??)ʹΑͬ
ͯɺc(t)ͱ λ(t)͸ 1ର 1ͷؔ܎ʹ͋Δ͜ͱ΋໌Β͔Ͱ͋Δɻ͜ͷޙ͸ɺ͜ͷಈతγεςϜΛ k(t)ͱ λ(t)ͷؔ
܎ͱΈͳ͢͜ͱʹͯ͠ɺٞ࿦Λ͢͢ΊΔ͜ͱʹ͠Α͏ɻ͜Ε͸ɺޮ༻ؔ਺ c(·)ͷؔ਺ܗΛಛఆ͠ͳ͍ͨΊʹඞ
ཁͱ͞ΕΔ޻෉Ͱ͋Δɻ
(33)͓Αͼ (34)͓Αͼ c˜(λ(t))ͷఆٛΑΓ࣍ΛಘΔɻ
k˙(t) = f(k(t))− (δ + η)k(t)− c˜(λ) (45)
λ˙(t) = λ(t) (δ + η + (ρ− η)− f ′(k(t)) (46)
͜ͷ 2ࣜͰද͞ΕΔ λͱ k ͷ dynamical system͕ɺ͜ΕҎ߱ͷ෼ੳͷओ؟ʹͳΔɻ
্ͷ dynamical system ͷղ͸ɺ(41) ͱ (42) ʹରԠ͍ͯ͠Δɻ͜͜Ͱɺ(42) ͷٯؔ਺Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
c = cs(δ, η, ρ) ⇐⇒ λ = λs(δ, η, ρ) (47)
ͦͷ্Ͱɺks(δ.η, ρ)ͱ λs(δ, η, ρ) Λ dynamical system (45)ͱ (46)ʹ୅ೖ͢Δͱɺλ˙ = 0 ͱ k˙ = 0ΛಘΔɻ
f(k(t))− (δ + η)k(t)− c˜(λ) = 0 (48)
λ(t) (δ + η + (ρ− η)− f ′(k(t)) = 0 (49)
্ͷ 2 ࣜΛಉ࣌ʹຬͨ͢ͷ͕ɺఆৗঢ়ଶ ks(δ.η, ρ) ͱ λs(δ, η, ρ) Ͱ͋Δɻͦͷ҆ఆੑΛ൑ఆ͢ΔͨΊ
ʹɺ্ 2 ࣜΛఆৗঢ়ଶपΓͰઢܗܝࣔΛ͢ΔɻͦͷͨΊʹɺఆৗঢ়ଶपΓͷϠίϏΞϯ (Jacobian) ߦྻ
J (ks(δ.η, ρ), λs(δ, η, ρ))Λ΋ͱΊΔͱɺ
J (ks(δ.η, ρ), λs(δ, η, ρ)) :=


∂k˙(t)
∂k(t)
∂k˙(t)
∂λ(t)
∂λ˙(t)
∂k(t)
∂λ˙(t)
∂λ(t)


������
k˙(t)=0,λ˙(t)=0
=
(
f ′(k(t))− (δ + η) −c˜′(λ(t))
−λ(t)f ′′(k(t)) δ + η + ρ− η − f ′(k(t))
)�����
k˙(t)=0,λ˙(t)=0
=
(
ρ− η −c˜′(λs(δ, η, η))
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) 0
)
(50)
5
（ , k  μ）＝u′（c）－λ＝
0 から，陰関数定理（implicit function theorem）
を用いて，λの関数としての c ＝ ~c（λ）の傾き
を求めることができる。
͜͜ͰվΊͯɺܦৗՁ஋ Hamiltonian (current value Hamiltonian)H(c(t), k(t), λ(t)) Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
H(c(t), k(t), λ(t)) := u(c(t)) + λ(t) (f(k(t))− c(t)(δ − η)) (43)
(36) ͱ (37) ʹΑΓɺಈֶతܦৗՁ஋ Lagrangian(28) ͱ (43) ͸ຊ࣭తʹಉҰͷࣜͱͳΔɻ͕ͨͬͯ͠ɺ
29)ͭ·Γ ∂
∂c(t)
H(c, k, µ) = u′(c)− λ = 0͔Β ӄؔ਺ఆཧ (implicit fu ctio theorem)Λ༻͍ͯɺλͷ
ؔ਺ͱͯ͠ͷ c = c˜(λ)ͷ܏͖ΛٻΊΔ͜ͱ͕Ͱ͖Δɻ
c˜′(λ) = −
∂2
∂c∂λH
∂2
∂c2H
�����
c=c˜(λ)
= 1
u′′(c˜(λ))
< 0 (44)
ଟ͘ͷ৔߹ɺ৽ݹయ೿࠷ద੒௕࿦Ͱ͸ɺk(t)ͱ c(t)ͷؒͷಈֶతؔ܎ͱͯ͠෼ੳ͞ΕΔ͜ͱ͕ଟ͍ɻ͔͠
͠ɺม਺ λ(t)͸ɺҰਓ͋ͨΓࢿຊ k(t)ͷ shadow priceͰ͋Δ͜ͱ͸ɺ(33)͔ΒΘ͔Δɻ·ͨɺ(??)ʹΑͬ
ͯɺc(t)ͱ λ(t)͸ 1ର 1ͷؔ܎ʹ͋Δ͜ͱ΋໌Β͔Ͱ͋Δɻ͜ͷޙ͸ɺ͜ͷಈతγεςϜΛ k(t)ͱ λ(t)ͷؔ
܎ͱΈͳ͢͜ͱʹͯ͠ɺٞ࿦Λ͢͢ΊΔ͜ͱʹ͠Α͏ɻ͜Ε͸ɺޮ༻ؔ਺ c(·)ͷؔ਺ܗΛಛఆ͠ͳ͍ͨΊʹඞ
ཁͱ͞ΕΔ޻෉Ͱ͋Δɻ
(33)͓Αͼ (34)͓Αͼ c˜(λ(t))ͷఆٛΑΓ࣍ΛಘΔɻ
k˙(t) = f(k(t))− (δ + η)k(t)− c˜(λ) (45)
λ˙(t) = λ(t) (δ + η + (ρ− η)− f ′(k(t)) (46)
͜ͷ 2ࣜͰද͞ΕΔ λͱ k ͷ dynamical system͕ɺ͜ΕҎ߱ͷ෼ੳͷओ؟ʹͳΔɻ
্ͷ dynamical system ͷղ͸ɺ(41) ͱ (42) ʹରԠ͍ͯ͠Δɻ͜͜Ͱɺ(42) ͷٯؔ਺Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
c = cs(δ, η, ρ) ⇐⇒ λ = λs(δ, η, ρ) (47)
ͦͷ্Ͱɺks(δ.η, ρ)ͱ λs(δ, η, ρ) Λ dynamical system (45)ͱ (46)ʹ୅ೖ͢Δͱɺλ˙ = 0 ͱ k˙ = 0ΛಘΔɻ
f(k(t))− (δ + η)k(t)− c˜(λ) = 0 (48)
λ(t) (δ + η + (ρ− η)− f ′(k(t)) = 0 (49)
্ͷ 2 ࣜΛಉ࣌ʹຬͨ͢ͷ͕ɺఆৗঢ়ଶ ks(δ.η, ρ) ͱ λs(δ, η, ρ) Ͱ͋Δɻͦͷ҆ఆੑΛ൑ఆ͢ΔͨΊ
ʹɺ্ 2 ࣜΛఆৗঢ়ଶपΓͰઢܗܝࣔΛ͢ΔɻͦͷͨΊʹɺఆৗঢ়ଶपΓͷϠίϏΞϯ (Jacobian) ߦྻ
J (ks(δ.η, ρ), λs(δ, η, ρ))Λ΋ͱΊΔͱɺ
J (ks(δ.η, ρ), λs(δ, η, ρ)) :=


∂k˙(t)
∂k(t)
∂k˙(t)
∂λ(t)
∂λ˙(t)
∂k(t)
∂λ˙(t)
∂λ(t)


������
k˙(t)=0,λ˙(t)=0
=
f ′(k(t))− (δ + η) −c˜′(λ(t))
−λ(t)f ′′(k(t)) δ + η + ρ− η − f ′(k(t))
)�����
k˙(t)=0,λ˙(t)=0
=
(
ρ− η −c˜′(λs(δ, η, η))
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) 0
)
(50)
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多くの場合，新古典派最適成長論では，k（t）
と c（t）の間の動学的関係として分析されるこ
とが多い。しかし，変数λ（t）は，一人あたり
資本 k（t）のshadow priceであることは，か
らわかる。また，によって，c（t）とλ（t）は
1 対 1 の関係にあることも明らかである。この
後は，この動的システムを k（t）とλ（t）の関係
とみなすことにして，議論をすすめることにし
よう。これは，効用関数 u（･）の関数形を特定
しないために必要とされる工夫である。
およびおよび ~c（λ（t））の定義より次を
得る。
͜͜ͰվΊͯɺܦৗՁ஋ Hamiltonian (current value Hamiltonian)H(c(t), k(t), λ(t)) Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
H(c(t), k(t), λ(t)) : u(c(t)) + λ(t) (f(k(t))− c(t)(δ − η)) (43)
36) ͱ (37) ʹΑΓɺಈֶతܦৗՁ஋ Lagrangian(28) ͱ (43) ͸ຊ࣭తʹಉҰͷࣜͱͳΔɻ͕ͨͬͯ͠ɺ
(29)ͭ·Γ ∂
∂c(t)
H(c, k, µ) = u′(c)− λ = 0͔Βɺӄؔ਺ఆཧ (implicit function theorem)Λ༻ ͯɺλͷ
ؔ਺ͱͯ͠ͷ c = c˜(λ)ͷ܏͖ΛٻΊΔ͜ͱ͕Ͱ͖Δɻ
c˜′(λ) = −
∂2
∂c∂λH
∂2
∂c2H
�����
c=c˜(λ)
= 1
u′′(c˜(λ))
< 0 (44)
ଟ͘ͷ৔߹ɺ৽ݹయ೿࠷ద੒௕࿦Ͱ͸ɺk(t)ͱ c(t)ͷؒͷಈֶతؔ܎ͱͯ͠෼ੳ͞ΕΔ͜ͱ͕ଟ͍ɻ͔͠
͠ɺม਺ λ(t)͸ɺҰਓ͋ͨΓࢿຊ k(t)ͷ shadow priceͰ͋Δ͜ͱ͸ɺ(33)͔ΒΘ͔Δɻ·ͨɺ(??)ʹΑͬ
ͯɺc(t)ͱ λ(t)͸ 1ର 1ͷؔ܎ʹ͋Δ͜ͱ΋໌Β͔Ͱ͋Δɻ͜ͷޙ͸ɺ͜ͷಈతγεςϜΛ k(t)ͱ λ(t)ͷؔ
܎ Έͳ͢͜ͱʹͯ͠ɺٞ࿦Λ͢͢ΊΔ͜ͱʹ͠Α͏ɻ͜Ε͸ɺޮ༻ؔ਺ c(·)ͷؔ਺ܗΛಛఆ͠ͳ͍ͨΊʹඞ
ཁͱ͞ΕΔ޻෉Ͱ͋ ɻ
(33)͓Αͼ (34)͓Αͼ c˜(λ(t))ͷఆٛΑΓ࣍ΛಘΔɻ
k˙(t) f(k(t))− (δ + η)k(t)− c˜(λ (45)
λ˙(t) = λ(t) (δ + η + (ρ− η)− f ′(k(t)) (46)
͜ͷ 2ࣜͰද͞ΕΔ λͱ k dynamical system͕ɺ͜ΕҎ߱ͷ෼ੳͷओ؟ʹͳΔɻ
্ͷ dynamical system ͷղ͸ɺ(41) ͱ (42) ʹରԠ͍ͯ͠Δɻ͜͜Ͱɺ(42) ͷٯؔ਺Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
c = cs(δ, η, ρ) ⇐⇒ λ = λs(δ, η, ρ) (47)
ͦͷ্Ͱɺks(δ.η, ρ)ͱ λs(δ, η, ρ) Λ dynamical system (45)ͱ (46)ʹ୅ೖ͢Δͱɺλ˙ = 0 ͱ k˙ = 0ΛಘΔɻ
f(k(t))− (δ + η)k(t)− c˜(λ) = 0 (48)
λ(t) (δ + η + (ρ− η)− f ′(k(t)) = 0 (49)
্ͷ 2 ࣜΛಉ࣌ʹຬͨ͢ͷ͕ɺఆৗঢ়ଶ ks(δ.η, ρ) ͱ λs(δ, η, ρ) Ͱ͋Δɻͦͷ҆ఆੑΛ൑ఆ͢ΔͨΊ
ʹɺ্ 2 ࣜΛఆৗঢ়ଶपΓͰઢܗܝࣔΛ͢ΔɻͦͷͨΊʹɺఆৗঢ়ଶपΓͷϠίϏΞϯ (Jacobian) ߦྻ
J (ks(δ.η, ρ), λs(δ, η, ρ))Λ΋ͱΊΔͱɺ
J (ks(δ.η, ρ), λs(δ, η, ρ)) :=


∂k˙(t)
∂k(t)
∂k˙(t)
∂λ(t)
∂λ˙(t)
∂k(t)
∂λ˙(t)
∂λ(t)


������
k˙(t)=0,λ˙(t)=0
=
(
f ′(k(t))− (δ + η) −c˜′(λ(t))
−λ(t)f ′′(k(t)) δ + η + ρ− η − f ′(k(t))
)�����
k˙(t)=0,λ˙(t)=0
=
(
ρ− η −c˜′(λs(δ, η, η))
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) 0
)
(50)
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͜͜ͰվΊͯɺܦৗՁ஋ Hamiltonian (current value Hamiltonian)H(c(t), k(t), λ(t)) Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
H(c(t), k(t), λ(t)) := u(c(t)) + λ(t) (f(k(t))− c(t)(δ − η)) (43)
(36) ͱ (37) ʹΑΓɺಈֶతܦৗՁ஋ Lagrangian(28) ͱ (43) ͸ຊ࣭తʹಉҰͷࣜͱͳΔɻ͕ͨͬͯ͠ɺ
(29)ͭ·Γ ∂
∂c(t)
H(c, k, µ) = u′(c)− λ = 0͔Βɺӄؔ਺ఆཧ (implicit function theorem)Λ༻ ͯɺλͷ
ؔ਺ͱͯ͠ͷ c = c˜(λ)ͷ܏͖ΛٻΊΔ͜ͱ͕Ͱ͖Δɻ
c˜′(λ) = −
∂2
∂c∂λH
∂2
∂c2H
�����
c=c˜(λ)
= 1
u′′(c˜(λ))
< 0 (44)
ଟ͘ͷ৔߹ɺ৽ݹయ೿࠷ద੒௕࿦Ͱ͸ɺk(t)ͱ c(t)ͷؒͷಈֶతؔ܎ͱͯ͠෼ੳ͞ΕΔ͜ͱ͕ଟ͍ɻ͔͠
͠ɺม਺ λ(t)͸ɺҰਓ͋ͨΓࢿຊ k(t)ͷ shadow priceͰ͋Δ͜ͱ͸ɺ(33)͔ΒΘ͔Δɻ·ͨɺ(??)ʹΑͬ
ͯɺc(t)ͱ λ(t)͸ 1ର 1ͷؔ܎ʹ͋Δ͜ͱ΋໌Β͔Ͱ͋Δɻ͜ͷޙ͸ɺ͜ͷಈతγεςϜΛ k(t)ͱ λ(t)ͷؔ
܎ͱΈͳ͢͜ͱʹͯ͠ɺٞ࿦Λ͢͢ΊΔ͜ͱʹ͠Α͏ɻ͜Ε͸ɺޮ༻ؔ਺ c(·)ͷؔ਺ܗΛಛఆ͠ͳ͍ͨΊʹඞ
ཁͱ͞ΕΔ޻෉Ͱ͋Δɻ
(33)͓Αͼ (34)͓Αͼ c˜(λ(t))ͷఆٛΑΓ࣍ΛಘΔɻ
k˙(t) = f k(t))− (δ + η)k(t)− c˜(λ) ( 5)
λ˙(t) = λ(t) (δ + η + (ρ− η)− f ′(k(t)) (46)
͜ͷ 2ࣜͰද͞ΕΔ λͱ k ͷ dynamical system͕ɺ͜ΕҎ߱ͷ෼ੳͷओ؟ʹͳΔɻ
্ͷ dynamical system ͷղ͸ɺ(41) ͱ ( ) ʹରԠ͍ͯ͠Δɻ͜͜Ͱɺ(42) ͷٯؔ਺Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
c = cs(δ, η, ρ) ⇐⇒ λ = λs(δ, η, ρ) (47)
ͦͷ্Ͱɺks(δ.η, ρ)ͱ λs(δ, η, ρ) Λ dynamical system (45)ͱ (46)ʹ୅ೖ͢Δͱɺλ˙ = 0 ͱ k˙ = 0ΛಘΔɻ
f(k(t))− (δ + η)k(t)− c˜(λ) = 0 (48)
λ(t) (δ + η + (ρ− η)− f ′(k(t)) = 0 (49)
্ͷ 2 ࣜΛಉ࣌ʹຬͨ͢ͷ͕ɺఆৗঢ়ଶ ks(δ.η, ρ) ͱ λs(δ, η, ρ) Ͱ͋Δɻͦͷ҆ఆੑΛ൑ఆ͢ΔͨΊ
ʹɺ্ 2 ࣜΛఆৗঢ়ଶपΓͰઢܗܝࣔΛ͢ΔɻͦͷͨΊʹɺఆৗঢ়ଶपΓͷϠίϏΞϯ (Jacobian) ߦྻ
J (ks(δ.η, ρ), λs(δ, η, ρ))Λ΋ͱΊΔͱɺ
J (ks(δ.η, ρ), λs(δ, η, ρ)) :=


∂k˙(t)
∂k(t)
∂k˙(t)
∂λ(t)
∂λ˙(t)
∂k(t)
∂λ˙(t)
∂λ(t)


������
k˙(t)=0,λ˙(t)=0
=
(
f ′(k(t))− (δ + η) −c˜′(λ(t))
−λ(t)f ′′(k(t)) δ + η + ρ− η − f ′(k(t))
)�����
k˙(t)=0,λ˙(t)=0
=
(
ρ− η −c˜′(λs(δ, η, η))
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) 0
)
(50)
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この 2 式で表されるλと k のdynamical system 
が，これ以降の分析の主眼になる。
上のdynamical systemの解は，とに対
応している。ここで，の逆関数を次のように
定義する。
͜͜ͰվΊͯɺܦৗՁ஋ Hamiltonian (current value Hamiltonian)H c(t , k(t), λ(t)) Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
H( , k(t), λ(t)) := u(c(t)) + λ(t) (f(k(t))− c(t)(δ − η)) (43)
(36) (37) ʹΑΓɺಈֶతܦৗՁ஋ Lagrangian(28) ͱ (43) ͸ຊ࣭తʹಉҰͷࣜͱͳΔɻ͕ͨͬͯ͠ɺ
(29)ͭ·Γ ∂
∂c(t)
H c, k, µ) = u′(c)− λ = 0͔Βɺӄؔ਺ఆཧ (implici function theorem)Λ༻͍ͯɺλͷ
ؔ਺ͱͯ͠ͷ c = c˜(λ)ͷ܏͖ΛٻΊΔ͜ͱ͕Ͱ͖Δɻ
c˜′(λ) = −
∂2
∂c∂λH
∂2
∂c2H
�����
c=c˜(λ)
= 1
u′′(c˜(λ))
< 0 (44)
ଟ͘ͷ৔߹ɺ৽ݹయ೿࠷ద੒௕࿦Ͱ͸ɺk(t)ͱ c(t)ͷؒͷಈֶతؔ܎ͱͯ͠෼ੳ͞ΕΔ͜ͱ͕ଟ͍ɻ͔͠
͠ɺม਺ λ(t)͸ɺҰਓ͋ͨΓࢿຊ k(t)ͷ shadow priceͰ͋Δ͜ͱ͸ɺ(33)͔ΒΘ͔Δɻ·ͨɺ(??)ʹΑͬ
ͯɺc(t)ͱ λ(t)͸ 1ର 1ͷؔ܎ʹ͋Δ͜ͱ΋໌Β͔Ͱ͋Δɻ͜ͷޙ͸ɺ͜ͷಈతγεςϜΛ k(t)ͱ λ(t)ͷؔ
܎ͱΈͳ͢͜ͱʹͯ͠ɺٞ࿦Λ͢͢ΊΔ͜ͱʹ͠Α͏ɻ͜Ε͸ɺޮ༻ؔ਺ c ·)ͷؔ਺ܗΛಛఆ͠ͳ͍ͨΊʹඞ
ཁͱ͞ΕΔ޻෉Ͱ͋Δɻ
(33)͓Αͼ (34)͓Αͼ c˜(λ(t))ͷఆٛΑΓ࣍ΛಘΔɻ
k˙(t) = f(k(t))− (δ + η)k(t)− c˜(λ) (45)
λ˙(t) = λ(t) (δ + η + (ρ− η)− f ′(k(t)) (46)
͜ͷ 2ࣜͰද͞ΕΔ λͱ k ͷ dynamical system͕ɺ͜ΕҎ߱ͷ෼ੳͷओ؟ʹͳΔɻ
্ͷ dynamical system ͷղ͸ɺ(41) ͱ (42) ʹରԠ͍ͯ͠Δɻ͜͜Ͱɺ(42) ͷٯؔ਺Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
c = cs(δ, η, ρ) ⇐⇒ λ = λs(δ, η, ρ) (47)
ͦͷ্Ͱɺks δ.η, ρ)ͱ λs(δ, η, ρ) Λ dynamical system (45)ͱ (46)ʹ୅ೖ͢Δͱɺλ˙ = 0 ͱ k˙ = 0ΛಘΔɻ
f(k(t))− (δ + η)k(t)− c˜(λ) = 0 (48)
λ(t) (δ + η + (ρ− η)− f ′(k(t)) = 0 (49)
্ͷ 2 ࣜΛಉ࣌ʹຬͨ͢ͷ͕ɺఆৗঢ়ଶ ks(δ.η, ρ) ͱ λs(δ, η, ρ) Ͱ͋Δɻͦͷ҆ఆੑΛ൑ఆ͢ΔͨΊ
ʹɺ্ 2 ࣜΛఆৗঢ়ଶपΓͰઢܗܝࣔΛ͢ΔɻͦͷͨΊʹɺఆৗঢ়ଶपΓͷϠίϏΞϯ (Jacobian) ߦྻ
J (ks(δ.η, ρ), λs(δ, η, ρ))Λ΋ͱΊΔͱɺ
J ks(δ.η, ρ), λs(δ, η, ρ) :


∂k˙(t)
∂k(t)
∂k˙(t)
∂λ(t)
∂λ˙(t)
∂k(t)
∂λ˙(t)
∂λ(t)


������
k˙(t)=0,λ˙(t)=0
=
(
f ′(k(t))− (δ + η) −c˜′(λ(t))
−λ(t)f ′′(k(t)) δ + η + ρ− η − f ′(k(t))
)�����
k˙(t)=0,λ˙(t)=0
=
(
ρ− η −c˜′(λs(δ, η, η))
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) 0
)
(50)
5
　　　
そ の 上 で，ks（ δ,η,ρ ）と λs（ δ,η,ρ）を
dynamical system とに代入すると，λ
4
＝
0 と
4
＝ 0 を得る。
͜͜ͰվΊͯɺܦৗՁ஋ Hamiltonian (current value Hamiltonian)H(c(t), k(t), λ(t)) Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
H(c(t), k(t), λ t)) := u(c(t)) + λ(t) (f(k(t))− c(t)(δ − η)) (43)
(36) ͱ (37) ʹΑΓɺಈֶతܦৗՁ஋ Lagrangian(28) ͱ (43) ͸ຊ࣭తʹಉҰͷࣜͱͳΔɻ͕ͨͬͯ͠ɺ
(29)ͭ·Γ ∂
∂c(t)
H(c, k, µ) = u′(c)− λ = 0͔Βɺӄؔ਺ఆཧ (implicit function theorem)Λ༻͍ͯɺλͷ
ؔ਺ͱͯ͠ͷ c = c˜(λ ͷ܏͖ΛٻΊΔ͜ͱ͕Ͱ͖Δɻ
c˜′(λ) = −
∂2
∂c∂λH
∂2
∂c2H
�����
c=c˜(λ)
= 1
u′′(c˜(λ))
< 0 (44)
ଟ͘ ৔߹ɺ৽ݹయ೿࠷ద੒௕࿦Ͱ͸ɺk(t)ͱ c(t)ͷؒͷಈֶతؔ܎ͱͯ͠෼ੳ͞ΕΔ͜ͱ͕ଟ͍ɻ͔͠
͠ɺม਺ λ(t)͸ɺҰਓ͋ͨΓࢿຊ k(t)ͷ shadow priceͰ͋Δ͜ͱ͸ɺ(33)͔ΒΘ͔Δɻ·ͨɺ(??)ʹΑͬ
ͯɺc(t)ͱ λ(t)͸ 1ର 1ͷؔ܎ʹ͋Δ͜ͱ΋໌Β͔Ͱ͋Δɻ͜ͷޙ͸ɺ͜ͷಈతγεςϜΛ k(t)ͱ λ(t)ͷؔ
܎ͱΈͳ͢͜ͱʹͯ͠ɺٞ࿦Λ͢͢ΊΔ͜ͱʹ͠Α͏ɻ͜Ε͸ɺޮ༻ؔ਺ c(·)ͷؔ਺ܗΛಛఆ͠ͳ͍ͨΊʹඞ
ཁͱ͞ΕΔ޻෉Ͱ͋Δɻ
(33)͓Αͼ (34)͓Αͼ c˜(λ(t))ͷఆٛΑΓ࣍ΛಘΔɻ
k˙(t) = f(k(t))− (δ + η)k(t)− c˜(λ) (45)
λ˙(t) = λ( ) δ + η + (ρ− η)− f ′(k(t)) (46)
͜ͷ 2ࣜͰද͞ΕΔ λͱ k ͷ dynamical system͕ɺ͜ΕҎ߱ͷ෼ੳͷओ؟ʹͳΔɻ
্ͷ dynamical system ͷղ͸ɺ(41) ͱ (42) ʹରԠ͍ͯ͠Δɻ͜͜Ͱɺ(42) ͷٯؔ਺Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
c = cs(δ, η, ρ) ⇐⇒ λ = λs δ, η, ρ) (47)
ͦͷ্Ͱɺks(δ.η, ρ)ͱ λs(δ, η, ρ) Λ dynamical system (45)ͱ (46)ʹ୅ೖ͢Δͱɺλ˙ = 0 ͱ k˙ = 0ΛಘΔɻ
f(k(t)) (δ + η)k(t)− c˜(λ) = 0 (48)
λ(t) (δ + η + (ρ− η)− f ′(k(t) = 0 (49)
্ͷ 2 ࣜΛಉ࣌ʹຬͨ͢ͷ͕ɺఆৗঢ়ଶ ks(δ.η, ρ) ͱ λs(δ, η, ρ) Ͱ͋Δɻͦͷ҆ఆੑΛ൑ఆ͢ΔͨΊ
ʹɺ্ 2 ࣜΛఆৗঢ়ଶपΓͰઢܗܝࣔΛ͢ΔɻͦͷͨΊʹɺఆৗঢ়ଶपΓͷϠίϏΞϯ (Jacobian) ߦྻ
J (ks(δ.η, ρ), λs(δ, η, ρ))Λ΋ͱΊΔͱɺ
J (ks(δ.η, ρ), λs(δ, η, ρ)) :=


∂k˙(t)
∂k(t)
∂k˙(t)
∂λ(t)
∂λ˙(t)
∂ t)
∂λ˙(t)
∂λ(t)


������
k˙(t)=0,λ˙(t)=0
=
(
f ′(k(t))− (δ + η) −c˜′(λ(t))
−λ(t)f ′′(k(t)) δ + η + ρ− η − f ′(k(t))
)�����
k˙(t)=0,λ˙(t)=0
=
(
ρ− η −c˜′(λs(δ, η, η))
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) 0
)
(50)
5
　　　 
͜͜ͰվΊͯɺܦৗՁ஋ Hamiltonian (current value Hamiltonian)H(c(t), k(t), λ(t)) Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
H(c(t), k(t), λ(t)) := u(c(t)) + λ(t) (f(k(t))− c (δ − η ) (43)
(36) (37) ʹΑΓɺಈֶతܦৗՁ஋ Lagrangian(28) ͱ (43) ͸ຊ࣭తʹಉҰͷࣜͱͳΔɻ͕ͨͬͯ͠ɺ
(29 ͭ·Γ ∂
∂c(t)
H(c, k, µ) = u′(c)− λ = 0͔Βɺӄؔ਺ఆཧ (implicit function theorem)Λ༻͍ͯɺλͷ
ؔ਺ͱͯ͠ͷ c = c˜(λ)ͷ܏͖ΛٻΊΔ͜ͱ͕Ͱ͖Δɻ
c˜′(λ) = −
∂2
∂c∂λH
∂2
∂c2H �c=c˜(λ)
= 1
u′′(c˜(λ))
< 0 (44)
ଟ͘ͷ৔߹ɺ৽ݹయ೿࠷ద੒௕࿦Ͱ͸ɺk(t)ͱ c(t)ͷؒͷಈֶతؔ܎ͱͯ͠෼ੳ͞ΕΔ͜ͱ͕ଟ͍ɻ͔͠
͠ɺม਺ λ(t) ɺҰਓ͋ͨΓࢿຊ k(t)ͷ shadow priceͰ͋Δ͜ͱ͸ɺ(33)͔ΒΘ͔Δɻ·ͨɺ(??)ʹΑͬ
ͯɺc(t)ͱ λ(t)͸ 1ର 1ͷؔ܎ʹ͋Δ͜ͱ΋໌Β͔Ͱ͋Δɻ͜ͷޙ͸ɺ͜ͷಈతγεςϜΛ k(t)ͱ λ(t)ͷؔ
܎ͱΈͳ͢͜ͱʹͯ͠ɺٞ࿦Λ͢͢ΊΔ͜ͱʹ͠Α͏ ͜Ε͸ɺޮ༻ؔ਺ c(·)ͷؔ਺ܗΛಛఆ͠ͳ͍ͨΊʹඞ
ཁͱ͞ΕΔ޻෉Ͱ͋Δɻ
(33)͓Αͼ (34)͓Αͼ c˜(λ(t))ͷఆٛΑΓ࣍ΛಘΔɻ
k˙(t) = f(k t) − (δ + η)k(t)− c˜(λ) (45)
λ˙(t) = λ(t) (δ + η + (ρ− η)− f ′(k(t)) (46)
͜ͷ 2ࣜͰද͞ΕΔ λ k ͷ dynamical system͕ɺ͜ΕҎ߱ͷ෼ੳͷओ؟ʹͳΔɻ
্ͷ dynamical system ͷղ͸ɺ(41) ͱ (42) ʹରԠ͍ͯ͠Δɻ͜͜Ͱɺ(42) ͷٯؔ਺Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
c = cs(δ, η, ρ) ⇐⇒ λ = λs(δ, η, ρ) (47)
ͦͷ্Ͱɺks(δ.η, ρ)ͱ λs(δ, η, ρ) Λ dynamical system (45)ͱ (46)ʹ୅ೖ͢Δͱɺλ˙ = 0 ͱ k˙ = 0ΛಘΔɻ
f(k(t))− (δ + η)k(t)− c˜(λ) = 0 (48)
λ(t) (δ + η + (ρ )− f ′(k(t)) = 0 (49)
্ͷ 2 ࣜΛಉ࣌ʹຬͨ͢ͷ͕ɺఆৗঢ়ଶ ks(δ.η, ρ) ͱ λs(δ, η, ρ) Ͱ͋Δɻͦͷ҆ఆੑΛ൑ఆ͢ΔͨΊ
ʹɺ্ 2 ࣜΛఆৗঢ়ଶपΓͰઢܗܝࣔΛ͢ΔɻͦͷͨΊʹ ఆৗঢ়ଶपΓͷϠίϏΞϯ (Jacobian) ߦྻ
J (ks(δ.η, ρ), λs(δ, η, ρ))Λ΋ͱΊΔͱɺ
J (ks(δ.η, ρ), λs(δ, η, ρ)) :=


∂k˙(t)
∂k(t)
∂k˙(t)
∂λ(t)
∂λ˙(t)
∂k(t)
∂λ˙(t)
∂λ(t)


�
k˙(t)=0,λ˙(t)=0
=
(
f ′(k(t))− (δ + η) −c˜′(λ(t))
−λ(t)f ′′(k(t)) δ + η + ρ− η − f ′(k(t))
)
�
k˙(t)=0,λ˙(t)=0
=
(
ρ− η −c˜′(λs(δ, η, η))
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) 0
)
(50)
5
　　
上の 2 式を同時に満たすのが，定常状態 ks（δ,
η,ρ）とλs（δ,η,ρ）である。その安定性を
新古典派最適成長モデル ― 5 ―― 4 ―
(209)
判定するために，上 2 式を定常状態周りで線
形近似をする。そのために，定常状態周りの
ヤ コ ビ ア ン（Jacobian） 行 列 J（ks（δ,η,ρ）,
λs（δ,η,ρ））をもとめると
͜͜ͰվΊͯɺܦৗՁ஋ Hamiltonian (current value Hamiltonian)H(c(t), k(t), λ(t)) Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
H(c(t), k(t), λ(t)) := u(c(t)) + λ(t) (f(k(t))− c(t)(δ − η)) (43)
(36) ͱ (37) ʹΑΓɺಈֶతܦৗՁ஋ Lagrangian(28) ͱ (43) ͸ຊ࣭తʹಉҰͷࣜͱͳΔɻ͕ͨͬͯ͠ɺ
(29)ͭ·Γ ∂
∂c(t)
H(c, k, µ) = u′(c)− λ = 0͔Βɺӄؔ਺ఆཧ (implicit function theorem)Λ༻͍ͯɺλͷ
ؔ਺ͱͯ͠ͷ c = c˜(λ)ͷ܏͖ΛٻΊΔ͜ͱ͕Ͱ͖Δɻ
c˜′(λ) = −
∂2
∂c∂λH
∂2
∂c2H
�����
c=c˜(λ)
= 1
u′′(c˜(λ))
< 0 (44)
ଟ͘ͷ৔߹ɺ৽ݹయ೿࠷ద੒௕࿦Ͱ͸ɺk(t)ͱ c(t)ͷؒͷಈֶతؔ܎ͱͯ͠෼ੳ͞ΕΔ͜ͱ͕ଟ͍ɻ͔͠
͠ɺม਺ λ(t)͸ɺҰਓ͋ͨΓࢿຊ k(t)ͷ shadow priceͰ͋Δ͜ͱ͸ɺ(33)͔ΒΘ͔Δɻ·ͨɺ(??)ʹΑͬ
ͯɺc(t)ͱ λ(t)͸ 1ର 1ͷؔ܎ʹ͋Δ͜ͱ΋໌Β͔Ͱ͋Δɻ͜ͷޙ͸ɺ͜ͷಈతγεςϜΛ k(t)ͱ λ(t)ͷؔ
܎ͱΈͳ͢͜ͱʹͯ͠ɺٞ࿦Λ͢͢ΊΔ͜ͱʹ͠Α͏ɻ͜Ε͸ɺޮ༻ؔ਺ c(·)ͷؔ਺ܗΛಛఆ͠ͳ͍ͨΊʹඞ
ཁͱ͞ΕΔ޻෉Ͱ͋Δɻ
(33)͓Αͼ (34)͓Αͼ c˜(λ(t))ͷఆٛΑΓ࣍ΛಘΔɻ
k˙(t) = f(k(t))− (δ + η)k(t)− c˜(λ) (45)
λ˙(t) = λ(t) (δ + η + (ρ− η)− f ′(k(t)) (46)
͜ͷ 2ࣜͰද͞ΕΔ λͱ k ͷ dynamical system͕ɺ͜ΕҎ߱ͷ෼ੳͷओ؟ʹͳΔɻ
্ͷ dynamical system ͷղ͸ɺ(41) ͱ (42) ʹରԠ͍ͯ͠Δɻ͜͜Ͱɺ(42) ͷٯؔ਺Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
c = cs(δ, η, ρ) ⇐⇒ λ = λs(δ, η, ρ) (47)
ͦͷ্Ͱɺks(δ.η, ρ)ͱ λs(δ, η, ρ) Λ dynamical system (45)ͱ (46)ʹ୅ೖ͢Δͱɺλ˙ = 0 ͱ k˙ = 0ΛಘΔɻ
f(k(t))− (δ + η)k(t)− c˜(λ) = 0 (48)
λ(t) (δ + η + (ρ− η)− f ′(k(t)) = 0 (49)
্ͷ 2 ࣜΛಉ࣌ʹຬͨ͢ͷ͕ɺఆৗঢ়ଶ ks(δ.η, ρ) ͱ λs(δ, η, ρ) Ͱ͋Δɻͦͷ҆ఆੑΛ൑ఆ͢ΔͨΊ
ʹɺ্ 2 ࣜΛఆৗঢ়ଶपΓͰઢܗܝࣔΛ͢ΔɻͦͷͨΊʹɺఆৗঢ়ଶपΓͷϠίϏΞϯ (Jacobian) ߦྻ
J (ks(δ.η, ρ), λs(δ, η, ρ))Λ΋ͱΊΔͱɺ
J (ks(δ.η, ρ), λs(δ, η, ρ)) :=


∂k˙(t)
∂k(t)
∂k˙(t)
∂λ(t)
∂λ˙(t)
∂k(t)
∂λ˙(t)
∂λ(t)


������
k˙(t)=0,λ˙(t)=0
=
(
f ′(k(t))− (δ + η) −c˜′(λ(t))
−λ(t)f ′′(k(t)) δ + η + ρ− η − f ′(k(t))
)�����
k˙(t)=0,λ˙(t)=0
=
(
ρ− η −c˜′(λs(δ, η, η))
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) 0
)
(50)
5
　
͜͜ͰվΊͯɺܦৗՁ஋ Hamiltonian (current value Hamiltonian)H(c(t), k(t), λ(t)) Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
H(c(t), k(t), λ(t)) := u(c(t)) + λ(t) (f(k(t))− c(t)(δ − η)) (43)
(36) ͱ (37) ʹΑΓɺಈֶతܦৗՁ஋ Lagrangian(28) ͱ (43) ͸ຊ࣭తʹಉҰͷࣜͱͳΔɻ͕ͨͬͯ͠ɺ
(29)ͭ·Γ ∂
∂c(t)
H(c, k, µ) = u′(c)− λ = 0͔Βɺӄؔ਺ఆཧ (implicit function theorem)Λ༻͍ͯɺλͷ
ؔ਺ͱͯ͠ͷ c = c˜(λ)ͷ܏͖ΛٻΊΔ͜ͱ͕Ͱ͖Δɻ
c˜′(λ) = −
∂2
∂c∂λH
∂2
∂c2H
�����
c=c˜(λ)
= 1
u′′(c˜(λ))
< 0 (44)
ଟ͘ͷ৔߹ɺ৽ݹయ೿࠷ద੒௕࿦Ͱ͸ɺk(t)ͱ c(t)ͷؒͷಈֶతؔ܎ͱͯ͠෼ੳ͞ΕΔ͜ͱ͕ଟ͍ɻ͔͠
͠ɺม਺ λ(t)͸ɺҰਓ͋ͨΓࢿຊ k(t)ͷ shadow priceͰ͋Δ͜ͱ͸ɺ(33)͔ΒΘ͔Δɻ·ͨɺ(??)ʹΑͬ
ͯɺc(t)ͱ λ(t)͸ 1ର 1ͷؔ܎ʹ͋Δ͜ͱ΋໌Β͔Ͱ͋Δɻ͜ͷޙ͸ɺ͜ͷಈతγεςϜΛ k(t)ͱ λ(t)ͷؔ
܎ͱΈͳ͢͜ͱʹͯ͠ɺٞ࿦Λ͢͢ΊΔ͜ͱʹ͠Α͏ɻ͜Ε͸ɺޮ༻ؔ਺ c(·)ͷؔ਺ܗΛಛఆ͠ͳ͍ͨΊʹඞ
ཁͱ͞ΕΔ޻෉Ͱ͋Δɻ
(33)͓Αͼ (34)͓Αͼ c˜(λ(t))ͷఆٛΑΓ࣍ΛಘΔɻ
k˙(t) = f(k(t))− (δ + η)k(t)− c˜(λ) (45)
λ˙(t) = λ(t) (δ + η + (ρ− η)− f ′(k(t)) (46)
͜ͷ 2ࣜͰද͞ΕΔ λͱ k ͷ dynamical system͕ɺ͜ΕҎ߱ͷ෼ੳͷओ؟ʹͳΔɻ
্ͷ dynamical system ͷղ͸ɺ(41) ͱ (42) ʹରԠ͍ͯ͠Δɻ͜͜Ͱɺ(42) ͷٯؔ਺Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
c = cs(δ, η, ρ) ⇐⇒ λ = λs(δ, η, ρ) (47)
ͦͷ্Ͱɺks(δ.η, ρ)ͱ λs(δ, η, ρ) Λ dynamical system (45)ͱ (46)ʹ୅ೖ͢Δͱɺλ˙ = 0 ͱ k˙ = 0ΛಘΔɻ
f(k(t))− (δ + η)k(t)− c˜(λ) = 0 (48)
λ(t) (δ + η + (ρ− η)− f ′(k(t)) = 0 (49)
্ͷ 2 ࣜΛಉ࣌ʹຬͨ͢ͷ͕ɺఆৗঢ়ଶ ks(δ.η, ρ) ͱ λs(δ, η, ρ) Ͱ͋Δɻͦͷ҆ఆੑΛ൑ఆ͢ΔͨΊ
ʹɺ্ 2 ࣜΛఆৗঢ়ଶपΓͰઢܗܝࣔΛ͢ΔɻͦͷͨΊʹɺఆৗঢ়ଶपΓͷϠίϏΞϯ (Jacobian) ߦྻ
J (ks(δ.η, ρ), λs(δ, η, ρ))Λ΋ͱΊΔͱɺ
J (ks(δ.η, ρ), λs(δ, η, ρ)) :=


∂k˙(t)
∂k(t)
∂k˙(t)
∂λ(t)
∂λ˙(t)
∂k(t)
∂λ˙(t)
∂λ(t)


������
k˙(t)=0,λ˙(t)=0
=
(
f ′(k(t))− (δ + η) −c˜′(λ(t))
−λ(t)f ′′(k(t)) δ + η + ρ− η − f ′(k(t))
)�����
k˙(t)=0,λ˙(t)=0
=
(
ρ− η −c˜′(λs(δ, η, η))
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) 0
)
(50)
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a iltonian (current value a iltonian) (c(t), k(t), λ(t))
(c(t), k(t), λ(t)) : u(c(t)) λ(t) (f(k(t)) c(t)(δ η)) (43)
(36) (37) Lagrangian(28) (43)
(29) ∂
∂c(t)
(c, k, µ) u′(c) λ 0 (i plicit function theore ) λ
c c˜(λ)
c˜′(λ)
∂2
∂c∂λ
∂2
∂c2
�����
c=c˜(λ)
1
u′′(c˜(λ))
0 (44)
k(t) c(t)
λ(t) k(t) shadow price (33) (??)
c(t) λ(t) 1 1 k(t) λ(t)
c(·)
(33) (34) c˜(λ(t))
k˙(t) f(k(t)) (δ η)k(t) c˜(λ) (45)
λ˙(t) λ(t) (δ η (ρ η) f ′(k(t)) (46)
2 λ k dyna ical syste
dyna ical syste (41) (42) (42)
c cs(δ, η, ρ) λ λs(δ, η, ρ) (47)
ks(δ.η, ρ) λs(δ, η, ρ) dyna ical syste (45) (46) λ˙ 0 k˙ 0
f(k(t)) (δ η)k(t) c˜(λ) 0 (48)
λ(t) (δ η (ρ η) f ′(k(t)) 0 (49)
2 ks(δ.η, ρ) λs(δ, η, ρ)
2 (Jacobian)
J (ks(δ.η, ρ), λs(δ, η, ρ))
J (ks(δ.η, ρ), λs(δ, η, ρ)) :
∂k˙(t)
∂k(t)
∂k˙(t)
∂λ(t)
∂λ˙(t)
∂k(t)
∂λ˙(t)
∂λ(t)
������
k˙(t)=0,λ˙(t)=0
f ′(k(t)) (δ η) c˜′(λ(t))
λ(t)f ′′(k(t)) δ η ρ η f ′(k(t))
�����
k˙(t)=0,λ˙(t)=0
ρ η c˜′(λs(δ, η, η))
λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) 0
(50)
5
　
͜͜ͰվΊͯɺܦৗՁ஋ Hamiltonian (current value Hamiltonian)H(c(t), k(t), λ(t)) Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
H(c(t), k(t), λ(t)) := u(c(t)) + λ(t) (f(k(t))− c(t)(δ − η)) (43)
(36) ͱ (37) ʹΑΓɺಈֶతܦৗՁ஋ Lagrangian(28) ͱ (43) ͸ຊ࣭తʹಉҰͷࣜͱͳΔɻ͕ͨͬͯ͠ɺ
(29)ͭ·Γ ∂
∂c(t)
H(c, k, µ) = u′(c)− λ = 0͔Βɺӄؔ਺ఆཧ (implicit function theorem)Λ༻͍ͯɺλͷ
ؔ਺ͱͯ͠ͷ c = c˜(λ)ͷ܏͖ΛٻΊΔ͜ͱ͕Ͱ͖Δɻ
c˜′(λ) = −
∂2
∂c∂λH
∂2
∂c2H
�����
c=c˜(λ)
= 1
u′′(c˜(λ))
< 0 (44)
ଟ͘ͷ৔߹ɺ৽ݹయ೿࠷ద੒௕࿦Ͱ͸ɺk(t)ͱ c(t)ͷؒͷಈֶతؔ܎ͱͯ͠෼ੳ͞ΕΔ͜ͱ͕ଟ͍ɻ͔͠
͠ɺม਺ λ(t)͸ɺҰਓ͋ͨΓࢿຊ k(t)ͷ shadow priceͰ͋Δ͜ͱ͸ɺ(33)͔ΒΘ͔Δɻ·ͨɺ(??)ʹΑͬ
ͯɺc(t)ͱ λ(t)͸ 1ର 1ͷؔ܎ʹ͋Δ͜ͱ΋໌Β͔Ͱ͋Δɻ͜ͷޙ͸ɺ͜ͷಈతγεςϜΛ k(t)ͱ λ(t)ͷؔ
܎ͱΈͳ͢͜ͱʹͯ͠ɺٞ࿦Λ͢͢ΊΔ͜ͱʹ͠Α͏ɻ͜Ε͸ɺޮ༻ؔ਺ c(·)ͷؔ਺ܗΛಛఆ͠ͳ͍ͨΊʹඞ
ཁͱ͞ΕΔ޻෉Ͱ͋Δɻ
(33)͓Αͼ (34)͓Αͼ c˜(λ(t))ͷఆٛΑΓ࣍ΛಘΔɻ
k˙(t) = f(k(t))− (δ + η)k(t)− c˜(λ) (45)
λ˙(t) = λ(t) (δ + η + (ρ− η)− f ′(k(t)) (46)
͜ͷ 2ࣜͰද͞ΕΔ λͱ k ͷ dynamical system͕ɺ͜ΕҎ߱ͷ෼ੳͷओ؟ʹͳΔɻ
্ͷ dynamical system ͷղ͸ɺ(41) ͱ (42) ʹରԠ͍ͯ͠Δɻ͜͜Ͱɺ(42) ͷٯؔ਺Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
c = cs(δ, η, ρ) ⇐⇒ λ = λs(δ, η, ρ) (47)
ͦͷ্Ͱɺks(δ.η, ρ)ͱ λs(δ, η, ρ) Λ dynamical system (45)ͱ (46)ʹ୅ೖ͢Δͱɺλ˙ = 0 ͱ k˙ = 0ΛಘΔɻ
f(k(t))− (δ + η)k(t)− c˜(λ) = 0 (48)
λ(t) (δ + η + (ρ− η)− f ′(k(t)) = 0 (49)
্ͷ 2 ࣜΛಉ࣌ʹຬͨ͢ͷ͕ɺఆৗঢ়ଶ ks(δ.η, ρ) ͱ λs(δ, η, ρ) Ͱ͋Δɻͦͷ҆ఆੑΛ൑ఆ͢ΔͨΊ
ʹɺ্ 2 ࣜΛఆৗঢ়ଶपΓͰઢܗܝࣔΛ͢ΔɻͦͷͨΊʹɺఆৗঢ়ଶपΓͷϠίϏΞϯ (Jacobian) ߦྻ
J (ks(δ.η, ρ), λs(δ, η, ρ))Λ΋ͱΊΔͱɺ
J (ks(δ.η, ρ), λs(δ, η, ρ)) :=


∂k˙(t)
∂k(t)
∂k˙(t)
∂λ(t)
∂λ˙(t)
∂k(t)
∂λ˙(t)
∂λ(t)


������
k˙(t)=0,λ˙(t)=0
=
(
f ′(k(t))− (δ + η) −c˜′(λ(t))
−λ(t)f ′′(k(t)) δ + η + ρ− − f ′(k(t))
)�����
k˙(t)=0,λ˙(t)=0
=
(
ρ− η −c˜′(λs(δ, η, η))
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) 0
)
(50)
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͜͜ͰվΊͯɺܦৗՁ஋ Hamiltonian (current value Hamiltonian)H(c(t), k(t), λ(t)) Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
H(c(t), k(t), λ(t)) := u(c(t)) + λ(t) (f(k(t))− c(t)(δ − η)) (43)
(36) ͱ (37) ʹΑΓɺಈֶతܦৗՁ஋ Lagrangian(28) ͱ (43) ͸ຊ࣭తʹಉҰͷࣜͱͳΔɻ͕ͨͬͯ͠ɺ
(29)ͭ·Γ ∂
∂c(t)
H(c, k, µ) = u′(c)− λ = 0͔Βɺӄؔ਺ఆཧ (implicit function theorem)Λ༻͍ͯɺλͷ
ؔ਺ͱͯ͠ͷ c = c˜(λ)ͷ܏͖ΛٻΊΔ͜ͱ͕Ͱ͖Δɻ
c˜′(λ) = −
∂2
∂c∂λH
∂2
∂c2H
�����
c=c˜(λ)
= 1
u′′(c˜(λ))
< 0 (44)
ଟ͘ͷ৔߹ɺ৽ݹయ೿࠷ద੒௕࿦Ͱ͸ɺk(t)ͱ c(t)ͷؒͷಈֶతؔ܎ͱͯ͠෼ੳ͞ΕΔ͜ͱ͕ଟ͍ɻ͔͠
͠ɺม਺ λ(t)͸ɺҰਓ͋ͨΓࢿຊ k(t)ͷ shadow priceͰ͋Δ͜ͱ͸ɺ(33)͔ΒΘ͔Δɻ·ͨɺ(??)ʹΑͬ
ͯɺc(t)ͱ λ(t)͸ 1ର 1ͷؔ܎ʹ͋Δ͜ͱ΋໌Β͔Ͱ͋Δɻ͜ͷޙ͸ɺ͜ͷಈతγεςϜΛ k(t)ͱ λ(t)ͷؔ
܎ͱΈͳ͢͜ͱʹͯ͠ɺٞ࿦Λ͢͢ΊΔ͜ͱʹ͠Α͏ɻ͜Ε͸ɺޮ༻ؔ਺ c(·)ͷؔ਺ܗΛಛఆ͠ͳ͍ͨΊʹඞ
ཁͱ͞ΕΔ޻෉Ͱ͋Δɻ
(33)͓Αͼ (34)͓Αͼ c˜(λ(t))ͷఆٛΑΓ࣍ΛಘΔɻ
k˙(t) = f(k(t))− (δ + η)k(t)− c˜(λ) (45)
λ˙ t) = λ(t) (δ + η + (ρ− η)− f ′(k(t)) (46)
͜ͷ 2ࣜͰද͞ΕΔ λͱ k ͷ dynamical system͕ɺ͜ΕҎ߱ͷ෼ੳͷओ؟ʹͳΔɻ
্ͷ dynamical system ͷղ͸ɺ(41) ͱ (42) ʹରԠ͍ͯ͠Δɻ͜͜Ͱɺ(42) ͷٯؔ਺Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
c = cs(δ, η, ρ) ⇐⇒ λ = λs(δ, η, ρ) (47)
ͦͷ্Ͱɺks(δ.η, ρ)ͱ λs(δ, η, ρ) Λ dynamical system (45)ͱ (46)ʹ୅ೖ͢Δͱɺλ˙ = 0 ͱ k˙ = 0ΛಘΔɻ
f(k(t))− (δ + η)k(t)− c˜(λ) = 0 (48)
λ(t) (δ + η + (ρ− η)− f ′(k(t) = 0 (49)
্ͷ 2 ࣜΛಉ࣌ʹຬͨ͢ͷ͕ɺఆৗঢ়ଶ ks(δ.η, ρ) ͱ λs(δ, η, ρ) Ͱ͋Δɻͦͷ҆ఆੑΛ൑ఆ͢ΔͨΊ
ʹɺ্ 2 ࣜΛఆৗঢ়ଶपΓͰઢܗܝࣔΛ͢ΔɻͦͷͨΊʹɺఆৗঢ়ଶपΓͷϠίϏΞϯ (Jacobian) ߦྻ
J (ks(δ.η, ρ), λs(δ, η, ρ))Λ΋ͱΊΔͱɺ
J (ks(δ.η, ρ), λs(δ, η, ρ)) :=


∂k˙(t)
∂k(t)
∂k˙(t)
∂λ t)
∂λ˙(t)
∂k(t)
∂λ˙(t)
∂λ(t)


������
k˙(t)=0,λ˙(t)=0
f ′(k(t))− (δ + η) ′ (t))
−λ(t)f ′′(k(t)) δ + η + ρ− η − f ′(k(t))
)�����
k˙(t)=0,λ˙(t)=0
=
(
ρ− η −c˜′(λs(δ, η, η))
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) 0
)
(50)
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͜͜ͰվΊͯɺܦৗՁ஋ Hamiltonian (current value Hamiltonian)H(c(t), k(t), λ(t)) Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
H(c(t), k(t), λ(t)) := u(c(t)) + λ(t) (f(k(t))− c(t)(δ − η)) (43)
(36) ͱ (37) ʹΑΓɺಈֶతܦৗՁ஋ Lagrangian(28) ͱ (43) ͸ ࣭తʹಉҰͷࣜͱͳΔɻ͕ͨͬͯ͠ɺ
(29)ͭ·Γ ∂
∂c(t)
H(c, k, µ) = u′(c)− λ = 0͔Βɺӄؔ਺ఆཧ (implicit function theorem)Λ༻͍ͯɺλͷ
ؔ਺ͱͯ͠ͷ c = c˜(λ)ͷ܏͖ΛٻΊΔ͜ͱ͕Ͱ͖Δɻ
c˜′(λ) = −
∂2
∂c∂λH
∂2
∂c2H
�����
c=c˜(λ)
= 1
u′′(c˜(λ))
< 0 (44)
ଟ͘ͷ৔߹ɺ৽ݹయ೿࠷ద੒௕࿦Ͱ͸ɺk(t ͱ c(t)ͷؒͷಈֶతؔ܎ͱͯ͠෼ੳ͞ΕΔ͜ͱ͕ଟ͍ɻ͔͠
͠ɺม਺ λ(t)͸ɺҰਓ͋ͨΓࢿຊ k(t)ͷ shadow priceͰ͋Δ͜ͱ͸ɺ(33)͔ΒΘ͔Δɻ·ͨɺ(??)ʹΑͬ
ͯɺc(t)ͱ λ(t)͸ 1ର 1ͷؔ܎ʹ͋Δ͜ͱ΋໌Β͔Ͱ͋Δɻ͜ͷޙ͸ɺ͜ͷಈతγεςϜΛ k(t)ͱ λ(t)ͷؔ
܎ͱΈͳ͢͜ͱʹͯ͠ɺٞ࿦Λ͢͢ΊΔ͜ͱʹ͠Α͏ɻ͜Ε͸ɺޮ༻ؔ਺ c(·)ͷؔ਺ܗΛಛఆ ͳ ͨΊʹඞ
ཁͱ͞ΕΔ޻෉Ͱ͋Δɻ
(33)͓Αͼ (34)͓Αͼ c˜(λ(t))ͷఆٛΑΓ࣍ΛಘΔɻ
k˙(t) = f(k(t))− (δ + η)k(t)− c˜(λ (45)
λ˙(t) = λ(t) (δ + η + (ρ− η)− f ′(k(t)) (46)
͜ͷ 2ࣜͰද͞ΕΔ λͱ k ͷ dynamical system͕ɺ͜ΕҎ߱ͷ෼ੳͷओ؟ʹͳΔɻ
্ͷ dynamical system ͷղ͸ɺ(41) ͱ (42) ʹରԠ͍ͯ͠Δɻ͜͜Ͱɺ(42) ͷٯؔ਺Λ࣍ͷΑ͏ʹఆٛ
͢Δɻ
c = cs(δ, η, ρ) ⇐⇒ λ = λs(δ, η, ρ) (47)
ͦͷ্Ͱɺks(δ.η, ρ)ͱ λs(δ, η, ρ) Λ dynamical system (45)ͱ (46)ʹ୅ೖ͢Δͱɺλ˙ = 0 ͱ k˙ = 0ΛಘΔɻ
f(k(t))− (δ + η)k(t)− c˜(λ) = 0 (48)
λ(t) (δ + η + (ρ− η)− f ′(k(t)) = 0 (49)
্ͷ 2 ࣜΛಉ࣌ʹຬͨ͢ͷ͕ɺఆৗঢ়ଶ ks(δ.η, ρ) ͱ λs(δ, η, ρ) Ͱ͋Δɻͦͷ҆ఆੑΛ൑ఆ͢ΔͨΊ
ʹɺ্ 2 ࣜΛఆৗঢ়ଶपΓͰઢܗܝࣔΛ͢ΔɻͦͷͨΊʹɺఆৗঢ়ଶपΓͷϠίϏΞϯ (Jacobian) ߦྻ
J (ks(δ.η, ρ), λs(δ, η, ρ))Λ΋ͱΊΔͱɺ
J (ks(δ.η, ρ), λs(δ, η, ρ)) :=


∂k˙(t)
∂k(t)
∂k˙(t)
∂λ(t)
∂λ˙(t)
∂k(t)
∂λ˙(t)
∂λ(t)


������
k˙(t)=0,λ˙(t)=0
=
(
f ′(k(t))− (δ + η) −c˜′(λ(t))
−λ(t)f ′′(k(t)) δ + η + ρ− η − f ′(k(t))
)�����
k˙(t)=0,λ˙(t)=0
=
(
ρ− η −c˜′(λs(δ, η, η))
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) 0
)
(50)
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となる。
ヤコビアンのトレースと行列式を求めると以
下を得る。
ͱͳΔɻ
ϠίϏΞϯͷτϨʔεͱߦྻࣜΛٻΊΔͱҎԼΛಘΔɻ
trJ (ks(δ.η, ρ), λs(δ, η, ρ)) = ρ− η > 0 (51)
detJ (ks(δ.η, ρ), λs(δ, η, ρ)) = −λs(δ, ρ, η)c˜′(λs(δ, η, η))f ′′(ks(δ, ρ, η)) < 0 (52)
࣮ਖ਼ํߦྻʹ͓͍ͯɺͦͷߦྻࣜͷ஋͸౰֘ߦྻͷݻ༗஋ (eigen value)ͷੵʹ౳͍͜͠ͱ͸Α͘஌ΒΕͯ
͍Δɻ্ʹड़΂ͨϠίϏΞϯߦྻ J (ks(δ.η, ρ), λs(δ, η, ρ)) ͸ 2× 2Ͱ͋Γɺ͔ͭͦͷߦྻࣜ͸ෛͰ͋Δɻ͞
Βʹɺಉߦྻ͸ඇෛߦྻͰ͋Δ͜ͱ͸ɺܭࢉ݁Ռ͔Β໌Β͔Ͱ͋Δɺ͕ͨͬͯ͠ɺಉߦྻͷݻ༗஋͸࣮਺ͷ 2
ͭͷ஋Λ࣋ͪɺͦΕΒ͸Ұํ͕ਖ਼ͷ஋Ͱɺଞํ͸ෛͷ஋Λ΋ͭɻ͕ͨͬͯ͠ɺզʑͷؔ৺ͷతͰ͋Δఆৗঢ়ଶ
͸ɺҌ఺ (saddle point) Ͱ͋Δ͜ͱ͕Θ͔ΔɻҎԼͰ͸ɺҌ఺ͱͯ͠ͷఆৗঢ়ଶʹؔ৺Λूத͢Δ͜ͱʹ͠
͍ͨɻ
3.2 Ҍ఺ͱҐ૬ਤ
Ҍ఺ఆৗঢ়ଶͷੑ࣭ΛҐ૬ਤʹΑͬͯɺ෼ੳ͢Δ͜ͱΛߟ͑ΔɻͦΕΒ͸ɺλ˙(t) = 0 ͱ k˙(t) = 0 ͱ͍͏
isocline ʹΑͬͯߏ੒͞ΕΔɻ*3·ͣɺ2 ͭͷ isocline ͷަ఺͕ɺఆৗঢ়ଶΛද͢ λ(t) ͱ k(t) ͷ஋Ͱ͋Δɺ
λs(δ, η, ρ)ͱ ks(δ, η, ρ)Ͱ͋Δ͜ͱΛ֬ೝ͠Α͏ɻ
·ͣ͸ɺλ˙(t) = 0ʹ͍ͭͯͰ͋Δɻಉࣜ͸
λ(t) (δ + η + ρ− η − f ′(k(t))) = 0 (53)
Λҙຯ͢Δ͜ͱ͕ (49)ΑΓɺ໌Β͔Ͱ͋Δɻ͜ͷࣜʹ͸ λ(t)͕ݱΕ͍ͯͳ͍ɻͭ·Γɺλ(t)ͷ஋ͱ͸ಠཱͰ
͋Δͱ͍͏͜ͱΛҙຯ͢Δɻ͜Ε͸ɺλ˙(t) = 0Λද͢ isocline͸ɺλ− k ฏ໘ʹ͓͍ͯɺਨ௚Ͱ͋Δͱ͍͏͜
ͱΛҙຯ͢Δɻ͞Βʹɺλ˙(t) = 0ͷࠨӈͰͷ఺ͷಈ͖͸ɺ(50)ͷ஋ΑΓ
∂λ˙(t)
∂k(t)
�����
k˙(t)=0,λ˙(t)=0
> 0 (54)
ΛಘΔɻ͕ͨͬͯ͠ɺϕΫτϧ৔͸ਤ 1ͷΑ͏ʹඳ͘͜ͱ͕ग़དྷΔɻ
*3 isoclineʹ͍ͭͯ͸ɺద౰ͳ༁ޠ͕Έ͔ͭΒͳ͍ͨΊɺͦͷ··࢖͏͜ͱʹ͢Δɻ
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ͱͳΔɻ
ϠίϏΞϯͷτϨʔεͱߦྻࣜΛٻΊΔͱҎԼΛಘΔɻ
trJ (ks(δ.η, ρ), λs(δ, η, ρ)) = ρ− η > 0 (51)
detJ (ks(δ.η, ρ), λs(δ, η, ρ)) = −λs(δ, ρ, η)c˜′(λs(δ, η, η))f ′′(ks(δ, ρ, η)) < 0 (52)
࣮ਖ਼ํߦྻʹ͓͍ͯɺͦͷߦྻࣜͷ஋͸౰֘ߦྻͷݻ༗஋ (eigen value)ͷੵʹ౳͍͜͠ͱ͸Α͘஌ΒΕͯ
͍Δɻ্ʹड़΂ͨϠίϏΞϯߦྻ J (ks(δ.η, ρ), λs(δ, η, ρ)) ͸ 2× 2Ͱ͋Γɺ͔ͭͦͷߦྻࣜ͸ෛͰ͋Δɻ͞
Βʹɺಉߦྻ͸ඇෛߦྻͰ͋Δ͜ͱ͸ɺܭࢉ݁Ռ͔Β໌Β͔Ͱ͋Δɺ͕ͨͬͯ͠ɺಉߦྻͷݻ༗஋͸࣮਺ͷ 2
ͭͷ஋Λ࣋ͪɺͦΕΒ͸Ұํ͕ਖ਼ͷ஋Ͱɺଞํ͸ෛͷ஋Λ΋ͭɻ͕ͨͬͯ͠ɺզʑͷؔ৺ͷతͰ͋Δఆৗঢ়ଶ
͸ɺҌ఺ (saddle point) Ͱ͋Δ͜ͱ͕Θ͔ΔɻҎԼͰ͸ɺҌ఺ͱͯ͠ͷఆৗঢ়ଶʹؔ৺Λूத͢Δ͜ͱʹ͠
͍ͨɻ
3.2 Ҍ఺ͱҐ૬ਤ
Ҍ఺ఆৗঢ়ଶͷੑ࣭ΛҐ૬ਤʹΑͬͯɺ෼ੳ͢Δ͜ͱΛߟ͑ΔɻͦΕΒ͸ɺλ˙(t) = 0 ͱ k˙(t) = 0 ͱ͍͏
isocline ʹΑͬͯߏ੒͞ΕΔɻ*3·ͣɺ2 ͭͷ isocline ͷަ఺͕ɺఆৗঢ়ଶΛද͢ λ(t) ͱ k(t) ͷ஋Ͱ͋Δɺ
λs(δ, η, ρ)ͱ ks(δ, η, ρ)Ͱ͋Δ͜ͱΛ֬ೝ͠Α͏ɻ
·ͣ͸ɺλ˙(t) = 0ʹ͍ͭͯͰ͋Δɻಉࣜ͸
λ(t) (δ + η + ρ− η − f ′(k(t))) = 0 (53)
Λҙຯ͢Δ͜ͱ͕ (49)ΑΓɺ໌Β͔Ͱ͋Δɻ͜ͷࣜʹ͸ λ(t)͕ݱΕ͍ͯͳ͍ɻͭ·Γɺλ(t)ͷ஋ͱ͸ಠཱͰ
͋Δͱ͍͏͜ͱΛҙຯ͢Δɻ͜Ε͸ɺλ˙(t) = 0Λද͢ isocline͸ɺλ− k ฏ໘ʹ͓͍ͯɺਨ௚Ͱ͋Δͱ͍͏͜
ͱΛҙຯ͢Δɻ͞Βʹɺλ˙(t) = 0ͷࠨӈͰͷ఺ͷಈ͖͸ɺ(50)ͷ஋ΑΓ
∂λ˙(t)
∂k(t)
�����
k˙(t)=0,λ˙(t)=0
> 0 (54)
ΛಘΔɻ͕ͨͬͯ͠ɺϕΫτϧ৔͸ਤ 1ͷΑ͏ʹඳ͘͜ͱ͕ग़དྷΔɻ
*3 isoclineʹ͍ͭͯ͸ɺద౰ͳ༁ޠ͕Έ͔ͭΒͳ͍ͨΊɺͦͷ··࢖͏͜ͱʹ͢Δɻ
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ͱͳΔɻ
ϠίϏΞϯͷτϨʔεͱߦྻࣜΛٻΊΔͱҎԼΛಘΔɻ
trJ (ks(δ.η, ρ), λs(δ, η, ρ)) = ρ− η > 0 (51)
detJ (ks(δ.η, ρ), λs(δ, η, ρ)) = −λs(δ, ρ, η)c˜′(λs(δ, η, η))f ′′(ks(δ, ρ, η)) < 0 (52)
࣮ਖ਼ํߦྻʹ͓͍ͯɺͦͷߦྻࣜͷ஋͸౰֘ߦྻͷݻ༗஋ (eigen value)ͷੵʹ౳͍͜͠ͱ͸Α͘஌ΒΕͯ
͍Δɻ্ʹड़΂ͨϠίϏΞϯߦྻ J (ks(δ.η, ρ), λs(δ, η, ρ)) ͸ 2× 2Ͱ͋Γɺ͔ͭͦͷߦྻࣜ͸ෛͰ͋Δɻ͞
Βʹɺಉߦྻ͸ඇෛߦྻͰ͋Δ͜ͱ͸ɺܭࢉ݁Ռ͔ ໌Β͔Ͱ͋Δɺ͕ͨͬͯ͠ɺಉߦྻͷݻ༗஋͸࣮਺ͷ 2
ͭͷ஋Λ࣋ͪɺͦΕΒ͸Ұํ͕ਖ਼ͷ஋Ͱɺଞํ͸ෛͷ஋Λ΋ͭɻͨ͠ ͬͯɺզʑͷؔ৺ͷతͰ͋Δఆৗঢ়ଶ
͸ɺҌ఺ (saddle point) Ͱ͋Δ͜ͱ͕Θ͔ΔɻҎԼͰ͸ɺҌ఺ͱͯ͠ͷఆৗঢ়ଶʹؔ৺Λूத͢Δ͜ͱʹ͠
͍ͨɻ
3.2 Ҍ఺ͱҐ૬ਤ
Ҍ఺ఆৗঢ়ଶͷੑ࣭ΛҐ૬ਤʹΑͬͯɺ෼ੳ͢Δ͜ͱΛߟ͑ΔɻͦΕΒ͸ɺλ˙(t) = 0 ͱ k˙(t) = 0 ͱ͍͏
isocline ʹΑͬͯߏ੒͞ΕΔɻ*3·ͣɺ2 ͭͷ isocline ͷަ఺͕ɺఆৗঢ়ଶΛද͢ λ(t) ͱ k(t) ͷ஋Ͱ͋Δɺ
λs(δ, η, ρ)ͱ ks(δ, η, ρ)Ͱ͋Δ͜ͱΛ֬ೝ͠Α͏ɻ
·ͣ͸ɺλ˙(t) = 0ʹ͍ͭͯͰ͋Δɻಉࣜ͸
λ(t) (δ + η + ρ− η − f ′(k(t))) = 0 (53)
Λҙຯ͢Δ͜ͱ͕ (49)ΑΓɺ໌Β͔Ͱ͋Δɻ͜ͷࣜʹ͸ λ(t)͕ݱΕ͍ͯͳ͍ɻͭ·Γɺλ(t)ͷ஋ͱ͸ಠཱͰ
͋Δͱ͍͏͜ͱΛҙຯ͢Δɻ͜Ε͸ɺλ˙(t) = 0Λද͢ isocline͸ɺλ− k ฏ໘ʹ͓͍ͯɺਨ௚Ͱ͋Δͱ͍͏͜
ͱΛҙຯ͢Δɻ͞Βʹɺλ˙(t) = 0ͷࠨӈͰͷ఺ͷಈ͖͸ɺ(50)ͷ஋ΑΓ
∂λ˙(t)
∂k(t)
�����
k˙(t)=0,λ˙(t)=0
> 0 (54)
ΛಘΔɻ͕ͨͬͯ͠ɺϕΫτϧ৔͸ਤ 1ͷΑ͏ʹඳ͘͜ͱ͕ग़དྷΔɻ
*3 isoclineʹ͍ͭͯ͸ɺద౰ͳ༁ޠ͕Έ͔ͭΒͳ͍ͨΊɺͦͷ··࢖͏͜ͱʹ͢Δɻ
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実正方行列において，その行列式の値は当該
行列の固有値（eigen value）の積に等しいこ
とはよく知られている。上に述べたヤコビアン
行列 J（ks（δ,η,ρ），λs（δ,η,ρ））は 2 × 2
であり，かつその行列式は負である。さらに，
同行列は非負行列であることは，計算結果から
明らかである，したがって，同行列の固有値は
実数の 2 つの値を持ち，それらは一方が正の値
で，他方は負の値をもつ。したがって，我々の
関 心 の 的 で あ る 定 常 状 態 は， 鞍 点（saddle 
point）であることがわかる。以下では，鞍点と
しての定常状態に関心を集中することにした
い。
3 . 2 　鞍点と位相図
鞍点定常状態の性質を位相図によって，分析
することを考える。それらは，λ
4
（t）＝ 0 と k
4
（t）
＝ 0 というisoclineによって構成される。＊3ま
ず， 2 つのisoclineの交点が，定常状態を表す
λ（t）とk（t）の値である，λs（δ,η,ρ）とks（δ,
η,ρ）であることを確認しよう。
まずは，λ
4
（t）＝ 0 についてである。同式は
ͱͳΔɻ
ϠίϏΞϯͷτϨʔεͱߦྻࣜΛٻΊΔͱҎԼΛಘΔɻ
trJ (ks(δ.η, ρ , λs(δ, η, ρ)) = ρ− η > 0 (51)
detJ (ks(δ.η, ρ), λs(δ, η, ρ)) = −λs(δ, ρ, η)c˜′(λs(δ, η, η))f ′′(ks(δ, ρ, η)) < 0 (52)
࣮ਖ਼ํߦྻʹ͓͍ͯɺͦͷߦྻࣜͷ஋͸౰֘ߦྻͷݻ༗஋ (eigen value)ͷੵʹ౳͍͜͠ͱ͸Α͘஌ΒΕͯ
͍Δɻ্ʹड़΂ͨϠίϏΞϯߦྻ J s(δ.η, ρ), λs(δ, η, ρ)) ͸ 2× 2Ͱ͋Γɺ͔ͭͦͷߦྻࣜ͸ෛͰ͋Δɻ͞
Βʹɺಉߦྻ͸ඇෛߦྻͰ͋Δ͜ͱ͸ɺܭࢉ݁Ռ͔Β໌Β͔Ͱ͋Δɺ͕ͨͬͯ͠ɺಉߦྻͷݻ༗஋͸࣮਺ͷ 2
ͭͷ஋Λ࣋ͪɺͦΕΒ͸Ұํ͕ਖ਼ͷ஋Ͱɺଞํ͸ෛͷ஋Λ΋ͭɻ͕ͨͬͯ͠ɺզʑͷؔ৺ͷతͰ͋Δఆৗঢ়ଶ
͸ɺҌ఺ (saddle point) Ͱ͋Δ͜ͱ͕Θ͔ΔɻҎԼͰ͸ɺҌ఺ͱͯ͠ͷఆৗঢ়ଶʹؔ৺Λूத͢Δ͜ͱʹ͠
͍ͨɻ
3.2 Ҍ఺ͱҐ૬ਤ
Ҍ఺ఆৗঢ়ଶͷੑ࣭ΛҐ૬ਤʹΑͬͯɺ෼ੳ͢Δ͜ͱΛߟ͑ΔɻͦΕΒ͸ɺλ˙(t) = 0 ͱ k˙(t) = 0 ͱ͍͏
isocline ʹΑͬͯߏ੒͞ΕΔɻ*3·ͣɺ2 ͭͷ isocline ͷަ఺͕ɺఆৗঢ়ଶΛද͢ λ(t) ͱ k(t) ͷ஋Ͱ͋Δɺ
λs(δ, η, ρ)ͱ ks(δ, η, ρ)Ͱ͋Δ͜ͱΛ֬ೝ͠Α͏ɻ
·ͣ͸ɺλ˙(t) = 0ʹ͍ͭͯͰ͋Δɻಉࣜ͸
λ(t) (δ + η + ρ− η − f ′(k(t))) = 0 (53)
Λҙຯ͢Δ͜ͱ͕ (49)ΑΓɺ໌Β͔Ͱ͋Δɻ͜ͷࣜʹ͸ λ(t)͕ݱΕ͍ͯͳ͍ɻͭ·Γɺλ(t)ͷ஋ͱ͸ಠཱͰ
͋Δͱ͍͏͜ͱΛҙຯ͢Δɻ͜Ε͸ɺλ˙(t) = 0Λද͢ isocline͸ɺλ− k ฏ໘ʹ͓͍ͯɺਨ௚Ͱ͋Δͱ͍͏͜
ͱΛҙຯ͢Δɻ͞Βʹɺλ˙(t) = 0ͷࠨӈͰͷ఺ͷಈ͖͸ɺ(50)ͷ஋ΑΓ
∂λ˙(t)
∂k(t)
�����
k˙(t)=0,λ˙(t)=0
> 0 (54)
ΛಘΔɻ͕ͨͬͯ͠ɺϕΫτϧ৔͸ਤ 1ͷΑ͏ʹඳ͘͜ͱ͕ग़དྷΔɻ
*3 isoclineʹ͍ͭͯ͸ɺద౰ͳ༁ޠ͕Έ͔ͭΒͳ͍ͨΊɺͦͷ··࢖͏͜ͱʹ͢Δɻ
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を意味することがより，明らかである。この
式にはλ（t）が現れていない。つまり，λ（t）の
値とは独立であるということを意味する。これ
は，λ
4
（t）＝ 0 を表すisocline は，λ－k 平面に
おいて，垂直であるということを意味する。さ
らに，λ
4
（t）＝ 0 の左右での点の動きは，（50）
の値より
ͱͳΔɻ
ϠίϏΞϯͷτϨʔεͱߦྻࣜΛٻΊΔͱҎԼΛಘΔɻ
trJ (ks(δ.η, ρ), λs(δ, η, ρ)) = ρ− η > 0 (51)
detJ (ks(δ.η, ρ), λs(δ, η, ρ)) = −λs(δ, ρ, η)c˜′(λs(δ, η, η))f ′′(ks(δ, ρ, η)) < 0 (52)
࣮ਖ਼ํߦྻʹ͓͍ͯɺͦͷߦྻࣜͷ஋͸౰֘ߦྻͷݻ༗஋ (eigen value)ͷੵʹ౳͍͜͠ͱ͸Α͘஌ΒΕͯ
͍Δɻ্ʹड़΂ͨϠίϏΞϯߦྻ J (ks(δ.η, ρ), λs(δ, η, ρ)) ͸ 2× 2Ͱ͋Γɺ͔ͭͦͷߦྻࣜ͸ෛͰ͋Δɻ͞
Βʹɺಉߦྻ͸ඇෛߦྻͰ͋Δ͜ͱ͸ɺܭࢉ݁Ռ͔Β໌Β͔Ͱ͋Δɺ͕ͨͬͯ͠ɺಉߦྻͷݻ༗஋͸࣮਺ͷ 2
ͭͷ஋Λ࣋ͪɺͦΕΒ͸Ұํ͕ਖ਼ͷ஋Ͱɺଞํ͸ෛͷ஋Λ΋ͭɻ͕ͨͬͯ͠ɺզʑͷؔ৺ͷతͰ͋Δఆৗঢ়ଶ
͸ɺҌ఺ (saddle point) Ͱ͋Δ͜ͱ͕Θ͔ΔɻҎԼͰ͸ɺҌ఺ͱͯ͠ͷఆৗঢ়ଶʹؔ৺Λूத͢Δ͜ͱʹ͠
͍ͨɻ
3.2 Ҍ఺ͱҐ૬ਤ
Ҍ఺ఆৗঢ়ଶͷੑ࣭ΛҐ૬ਤʹΑͬͯɺ෼ੳ͢Δ͜ͱΛߟ͑ΔɻͦΕΒ͸ɺλ˙(t) = 0 ͱ k˙(t) = 0 ͱ͍͏
isocline ʹΑͬͯߏ੒͞ΕΔɻ*3·ͣɺ2 ͭͷ isocline ͷަ఺͕ɺఆৗঢ়ଶΛද͢ λ(t) ͱ k(t) ͷ஋Ͱ͋Δɺ
λs(δ, η, ρ)ͱ ks(δ, η, ρ)Ͱ͋Δ͜ͱΛ֬ೝ͠Α͏ɻ
·ͣ͸ɺλ˙(t) = 0ʹ͍ͭͯͰ͋Δɻಉࣜ͸
λ(t) (δ + η + ρ− η − f ′(k(t))) = 0 (53)
Λҙຯ͢Δ͜ͱ͕ (49)ΑΓɺ໌Β͔Ͱ͋Δɻ͜ͷࣜʹ͸ λ(t)͕ݱΕ͍ͯͳ͍ɻͭ·Γɺλ(t)ͷ஋ͱ͸ಠཱͰ
͋Δͱ͍͏͜ͱΛҙຯ͢Δɻ͜Ε͸ɺλ˙(t) = 0Λද͢ isocline͸ɺλ− k ฏ໘ʹ͓͍ͯɺਨ௚Ͱ͋Δͱ͍͏͜
ͱΛҙຯ͢Δɻ͞Βʹɺλ˙(t) = 0ͷࠨӈͰͷ఺ͷಈ͖͸ɺ(50)ͷ஋ΑΓ
∂λ˙(t)
∂k(t)
�����
k˙(t)=0,λ˙(t)=0
> 0 (54)
ΛಘΔɻ͕ͨͬͯ͠ɺϕΫτϧ৔͸ਤ 1ͷΑ͏ʹඳ͘͜ͱ͕ग़དྷΔɻ
*3 isoclineʹ͍ͭͯ͸ɺద౰ͳ༁ޠ͕Έ͔ͭΒͳ͍ͨΊɺͦͷ··࢖͏͜ͱʹ͢Δɻ
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を得る。したがって，ベクトル場は図 1 のよう
に描くことが出来る。
図 1 　
4
＝ 0 のisoclineとベクトル場
ਤ 1 λ˙ = 0ͷ isoclineͱϕΫτϧ৔
Ұํɺk˙(t) = 0ͷ isoclineͷܗঢ়͸ɺ΍΍ෳࡶͳखଓ͖Λඞཁͱ͢Δɻ͍·ɺ(45)͔Βɺӄؔ਺ λˆ(k)Λ࣍
ͷΑ͏ʹఆٛ͢Δɻ
λˆ(k) = arg {f(k)− (δ + η)k − c˜(λ) = 0} (55)
͜ͷࣜͱ c˜(λ)ͷఆٛΑΓɺλˆ(k)ͷ܏͖Λӄؔ਺ఆཧʹΑͬͯٻΊΔɻ·ͣɺk˙(t) = 0ͷ࣌ʹ͸
f(k)− (δ + η)k − c˜(λ) = 0 (56)
͕੒ཱ͢Δ͜ͱʹ஫ҙ͢Δɻ͔͜͜Βɺc˜(λ)͓Αͼ λˆ(k)ͷఆٛʹΑΓ
dλˆ(k)
dk
= f
′(k)− (δ + η)
c˜′(λ)
< 0 (57)
ΛಘΔɻ͕ͨͬͯ͠ɺk˙(t) = 0ͷ isocline͸ λ− kฏ໘ʹ͓͍ͯӈԼ͕ΓͰ͋Δ͜ͱ͕Θ͔Δɻ͞ΒʹϕΫτ
ϧ৔ͷํ޲Λ֬ఆ͢ΔͨΊʹɺc˜(λ)ͷఆٛΑΓ࣍ΛಘΔɻ
∂k˙(t)
∂λ(t)
�����
k˙(t)=0,λ˙(t)=0
= − c˜′(λs(δ, η, ρ))|k˙(t)=0,λ˙(t)=0 > 0 (58)
∂k˙(t)
∂k(t)
�����
k˙(t)=0,λ˙(t)=0
= f(k(t))− (δ + η)|k˙(t)=0,λ˙(t)=0 = ρ− η > 0 (59)
͔͜͜Βɺਤ 2ΛಘΔɻ
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― 7 ―― 6 ― 流通経済大学論集　Vol.50, No.3
(210)
一方，k
4
（t）＝ 0 のisoclineの形状は，やや複
雑な手続きを必要とする。いま，から，陰関
数λ̂（k）を次のように定義する。
ਤ 1 λ˙ = 0ͷ isoclineͱϕΫτϧ৔
Ұํɺk˙(t) = 0ͷ isoclineͷܗঢ়͸ɺ΍΍ෳࡶͳखଓ͖Λඞཁͱ͢Δɻ͍·ɺ(45)͔Βɺӄؔ਺ λˆ(k)Λ࣍
ͷΑ͏ʹఆٛ͢Δɻ
λˆ(k) = arg {f(k)− (δ + η)k − c˜(λ) = 0} (55)
͜ͷࣜͱ c˜(λ)ͷఆٛΑΓɺλˆ(k)ͷ܏͖Λӄؔ਺ఆཧʹΑͬͯٻΊΔɻ·ͣɺk˙(t) = 0ͷ࣌ʹ͸
f(k)− (δ + η)k − c˜(λ) = 0 (56)
͕੒ཱ͢Δ͜ͱʹ஫ҙ͢Δɻ͔͜͜Βɺc˜(λ)͓Αͼ λˆ(k)ͷఆٛʹΑΓ
dλˆ(k)
dk
= f
′(k)− (δ + η)
c˜′(λ)
< 0 (57)
ΛಘΔɻ͕ͨͬͯ͠ɺk˙(t) = 0ͷ isocline͸ λ− kฏ໘ʹ͓͍ͯӈԼ͕ΓͰ͋Δ͜ͱ͕Θ͔Δɻ͞ΒʹϕΫτ
ϧ৔ͷํ޲Λ֬ఆ͢ΔͨΊʹɺc˜(λ)ͷఆٛΑΓ࣍ΛಘΔɻ
∂k˙(t)
∂λ(t)
�����
k˙(t)=0,λ˙(t)=0
= − c˜′(λs(δ, η, ρ))|k˙(t)=0,λ˙(t)=0 > 0 (58)
∂k˙(t)
∂k(t)
�����
k˙(t)=0,λ˙(t)=0
= f(k(t))− (δ + η)|k˙(t)=0,λ˙(t)=0 = ρ− η > 0 (59)
͔͜͜Βɺਤ 2ΛಘΔɻ
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この式と ~c（λ）の定義より，λ̂（k）の傾きを陰
関数定理によって求める。まず k
4
（t）＝ 0 の時
には
ਤ 1 λ˙ = 0ͷ isoclineͱϕΫτϧ৔
Ұํɺk˙(t) = 0ͷ isoclineͷܗঢ়͸ɺ΍΍ෳࡶͳखଓ͖Λඞཁͱ͢Δɻ͍·ɺ(45)͔Βɺӄؔ਺ λˆ(k)Λ࣍
ͷΑ͏ʹఆٛ͢Δɻ
λˆ(k) = arg {f(k)− (δ + η)k − c˜( ) = 0} (55)
͜ͷࣜͱ c˜(λ)ͷఆٛΑΓɺλˆ(k)ͷ܏͖Λӄؔ਺ఆཧʹΑͬͯٻΊΔɻ·ͣɺk˙(t) = 0ͷ࣌ʹ͸
f(k)− (δ + η)k − c˜(λ) = 0 (56)
͕੒ཱ͢Δ͜ͱʹ஫ҙ͢Δɻ͔͜͜Βɺc˜(λ)͓Αͼ λˆ(k)ͷఆٛʹΑΓ
dλˆ(k)
dk
= f
′(k)− (δ + η)
c˜′(λ)
< 0 (57)
ΛಘΔɻ͕ͨͬͯ͠ɺk˙(t) = 0ͷ isocline͸ λ− kฏ໘ʹ͓͍ͯӈԼ͕ΓͰ͋Δ͜ͱ͕Θ͔Δɻ͞ΒʹϕΫτ
ϧ৔ͷํ޲Λ֬ఆ͢ΔͨΊʹɺc˜(λ)ͷఆٛΑΓ࣍ΛಘΔɻ
∂k˙(t)
∂λ(t)
�����
k˙(t)=0,λ˙(t)=0
= − c˜′(λs(δ, η, ρ))|k˙(t)=0,λ˙(t)=0 > 0 (58)
∂k˙(t)
∂k(t)
�����
k˙(t)=0,λ˙(t)=0
= f(k(t))− (δ + η)|k˙(t)=0,λ˙(t)=0 = ρ− η > 0 (59)
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が成立することに注意する。ここから，~c（λ）
およびλ̂（k）の定義により
ਤ 1 λ˙ = 0ͷ isoclineͱϕΫτϧ৔
Ұํɺk˙(t) = 0ͷ isoclineͷܗঢ়͸ɺ΍΍ෳࡶͳखଓ͖Λඞཁͱ͢Δɻ͍·ɺ(45)͔Βɺӄؔ਺ λˆ(k)Λ࣍
ͷΑ͏ʹఆٛ͢Δɻ
λˆ(k) = arg {f(k)− (δ + η)k − c˜(λ) = 0} (55)
͜ͷࣜͱ c˜(λ)ͷఆٛΑΓɺλˆ(k)ͷ܏͖Λӄؔ਺ఆཧʹΑͬͯٻΊΔɻ·ͣɺk˙(t) = 0ͷ࣌ʹ͸
f(k)− (δ + η)k − c˜(λ) = 0 (56)
͕੒ཱ͢Δ͜ͱʹ஫ҙ͢Δɻ͔͜͜Βɺc˜(λ)͓Αͼ λˆ(k)ͷఆٛʹΑΓ
dλˆ(k)
dk
= f
′(k)− (δ + η)
c˜′(λ)
< 0 (57)
ΛಘΔɻ͕ͨͬͯ͠ɺk˙(t) = 0ͷ isocline͸ λ− kฏ໘ʹ͓͍ͯӈԼ͕ΓͰ͋Δ͜ͱ͕Θ͔Δɻ͞ΒʹϕΫτ
ϧ৔ͷํ޲Λ֬ఆ͢ΔͨΊʹɺc˜(λ)ͷఆٛΑΓ࣍ΛಘΔɻ
∂k˙(t)
∂λ(t)
�����
k˙(t)=0,λ˙(t)=0
= − c˜′(λs(δ, η, ρ))|k˙(t)=0,λ˙(t)=0 > 0 (58)
∂k˙(t)
∂k(t)
�����
k˙(t)=0,λ˙(t)=0
= f(k(t))− (δ + η)|k˙(t)=0,λ˙(t)=0 = ρ− η > 0 (59)
͔͜͜Βɺਤ 2ΛಘΔɻ
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を 得 る。 し た が っ て， k
4
（t）＝ 0 のisoclineは
λ－k 平面において右下がりであることがわか
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ここから，図 2 を得る。
結果として，定常状態の近傍でのベクトル場
は図 3 のようになる。また，鞍点への安定パス
は図 4 の太い矢印で表されるようなものだけで
あり，その他の初期条件は同図の点線で示した
ように，定常状態に至らないことが見て取れ
る。定常状態に至らないパスが isoclineを超え
て他の領域に至るときそれぞれ，水平・垂直な
傾きを持つことに注意が必要である。
ਤ 2 k˙ = 0ͷ isoclineͱϕΫτϧ৔
݁Ռͱͯ͠ɺఆৗঢ়ଶͷۙ๣ͰͷϕΫτϧ৔͸ਤ 3ͷΑ͏ʹͳΔɻ·ͨɺҌ఺΁ͷ҆ఆύε͸ਤ 4ͷଠ͍໼
ҹͰද͞ΕΔΑ͏ͳ΋ͷ͚ͩͰ͋Γɺͦͷଞͷॳظ৚݅͸ಉਤͷ఺ઢͰࣔͨ͠Α͏ʹɺఆৗঢ়ଶʹࢸΒͳ͍͜
ͱ͕ݟͯऔΕΔɻఆৗঢ়ଶʹࢸΒͳ͍ύε͕ isoclineΛ௒͑ͯଞͷྖҬʹࢸΔͱ͖ͦΕͧΕɺਫฏɾਨ௚ͳ܏
͖Λ࣋ͭ͜ͱʹ஫ҙ͕ඞཁͰ͋Δɻ
ਤ 3 steady stateͱϕΫτϧ৔
8
図 2 　 k
4
＝ 0 の isoclineとベクトル場
図 3 　steady stateとベクトル場
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ਤ 4 Ҍ఺ͱϕΫτϧ৔
4 ൺֱಈֶ
4.1 λs(δ, η, ρ)͓Αͼ ks(δ, η, ρ)΁ͷӨڹ
͜͜Ͱ͸ɺఆ਺ͱͨ͠ύϥϝʔλʔͷมԽͰɺఆৗঢ়ଶ͕ͲͷΑ͏ʹมԽ͢Δͷ͔ΛՄೳͳݶΓ෼ੳ͢Δ͜
ͱʹ͢Δɻఆৗঢ়ଶ͸ λs(δ, η, ρ)ͱ ks(δ, η, ρ)Ͱද͞ΕΔɻ͜ͷ஋͕ɺύϥϝʔλʔ δ, η, ρͷมԽʹΑͬͯɺ
ͦΕͧΕͲ͏มԽ͢Δ͔Λ֬ఆͰ͖ΔൣғͰ୳Δ͜ͱʹ͢Δɻ
ఆৗঢ়ଶͷఆٛʹΑΓɺͭ͗ͷؔ܎͸߃౳ʹ੒ཱ͢Δɻ
f(ks(δ, η, ρ))− (δ + η)ks(δ, η, ρ)− c˜(λs(δ, η, ρ)) = 0 (60)
λs(δ, η, ρ) {(δ + η + ρ− η)− f ′(ks(δ, η, ρ))} = 0 (61)
͜ͷ྆ࣜΛ δ Ͱඍ෼͢Δͱ࣍ΛಘΔɻ
(
f ′(k(t))− (δ + η) −c˜′(λ(t))
−λ(t)f ′′(k(t)) δ + η + ρ− η − f ′(k(t))
)�����
k˙(t)=0,λ˙(t)=0
·
(
∂
∂δk
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
⇐⇒
(
ρ− η −c˜′(λs(δ, η, η))
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) 0
)
·
(
∂
∂δk
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
⇐⇒ J (ks(δ.η, ρ), λs(δ, η, ρ)) ·
(
∂
∂δk
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
(62)
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図 4 　鞍点とベクトル場
新古典派最適成長モデル ― 7 ―― 6 ―
(211)
4 　比較動学
4 . 1 　 λs（δ,η,ρ）および ks（δ,η,ρ）への
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∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
⇐⇒
(
ρ− η −c˜′(λs(δ, η, η))
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) 0
)
·
(
∂
∂δk
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
⇐⇒ J (ks(δ.η, ρ), λs(δ, η, ρ)) ·
(
∂
∂δk
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
(62)
9
　
ਤ 4 Ҍ఺ͱϕΫτϧ৔
4 ൺֱಈֶ
4.1 λs(δ, η, ρ)͓Αͼ ks(δ, η, ρ)΁ͷӨڹ
͜͜Ͱ͸ɺఆ਺ͱͨ͠ύϥϝʔλʔͷมԽͰɺఆৗঢ়ଶ͕ͲͷΑ͏ʹมԽ͢Δͷ͔ΛՄೳͳݶΓ෼ੳ͢Δ͜
ͱʹ͢Δɻఆৗঢ়ଶ͸ λs(δ, η, ρ)ͱ ks(δ, η, ρ)Ͱද͞ΕΔɻ͜ͷ஋͕ɺύϥϝʔλʔ δ, η, ρͷมԽʹΑͬͯɺ
ͦΕͧΕͲ͏มԽ͢Δ͔Λ֬ఆͰ͖ΔൣғͰ୳Δ͜ͱʹ͢Δɻ
ఆৗঢ়ଶͷఆٛʹΑΓɺͭ͗ͷؔ܎͸߃౳ʹ੒ཱ͢Δɻ
f(ks(δ, η, ρ))− (δ + η)ks(δ, η, ρ)− c˜(λs(δ, η, ρ)) = 0 (60)
λs(δ, η, ρ) {(δ + η + ρ− η)− f ′(ks(δ, η, ρ))} = 0 (61)
͜ͷ྆ࣜΛ δ Ͱඍ෼͢Δͱ࣍ΛಘΔɻ
(
f ′(k(t))− (δ + η) −c˜′(λ(t))
−λ(t)f ′′(k(t)) δ + η + ρ− η − f ′(k(t))
)�����
k˙(t)=0,λ˙(t)=0
·
(
∂
∂δk
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
⇐⇒
(
ρ− η −c˜′(λs(δ, η, η))
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) 0
)
·
(
∂
∂δk
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
⇐⇒ J (ks(δ.η, ρ), λs(δ, η, ρ)) ·
(
∂
∂δk
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
(62)
9
　　　　　　　　
この両式をδで微分すると次を得る。
ਤ 4 Ҍ఺ͱϕΫτϧ৔
4 ൺֱಈֶ
4.1 λs(δ, η, ρ)͓Αͼ ks(δ, η, ρ)΁ͷӨڹ
͜͜Ͱ͸ɺఆ਺ͱͨ͠ύϥϝʔλʔͷมԽͰ ఆৗঢ়ଶ͕ͲͷΑ͏ʹ ͢Δͷ͔ΛՄೳͳݶΓ෼ੳ͢Δ͜
ͱʹ͢Δɻఆৗঢ়ଶ͸ λs(δ, η, ρ)ͱ ks(δ, η, ρ)Ͱද͞ΕΔɻ͜ͷ஋͕ɺύϥϝʔλʔ δ, η, ρͷมԽʹΑͬͯɺ
ͦΕͧΕͲ͏มԽ͢Δ͔Λ֬ఆͰ͖ΔൣғͰ୳Δ͜ͱʹ͢Δɻ
ఆৗঢ়ଶͷఆٛʹΑΓɺͭ͗ͷؔ܎͸߃౳ʹ੒ཱ͢Δɻ
f(ks(δ, η, ρ))− (δ + η)ks(δ, η, ρ)− c˜(λs(δ, η, ρ)) = 0 (60)
λs(δ, η, ρ) {(δ + η + ρ− η)− f ′(ks(δ, η, ρ))} = 0 (61)
͜ͷ྆ࣜΛ δ Ͱඍ෼͢Δͱ࣍ΛಘΔɻ
(
f ′(k(t))− (δ + η) −c˜′(λ(t))
−λ(t)f ′′(k(t)) δ + η + ρ− η − f ′(k(t))
)�����
k˙(t)=0,λ˙(t)=0
·
(
∂
∂δk
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
⇐⇒
(
ρ− η −c˜′(λs(δ, η, η))
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) 0
)
·
(
∂
∂δk
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
⇐⇒ J (ks(δ.η, ρ), λs(δ, η, ρ)) ·
(
∂
∂δk
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
(62)
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ਤ 4 Ҍ఺ͱϕΫτϧ৔
4 ൺֱಈֶ
4.1 λs(δ, η, ρ)͓Αͼ ks(δ, η, ρ)΁ͷӨڹ
͜͜Ͱ͸ɺఆ਺ͱͨ͠ύϥϝʔλʔͷมԽͰɺఆৗঢ়ଶ͕ͲͷΑ͏ʹมԽ͢Δͷ͔ΛՄೳͳݶΓ෼ੳ͢Δ͜
ͱʹ͢Δɻఆৗঢ়ଶ͸ λs(δ, η, ρ)ͱ ks(δ, η, ρ)Ͱද͞ΕΔɻ͜ͷ஋͕ɺύϥϝʔλʔ δ, η, ρͷมԽʹΑͬͯɺ
ͦΕͧΕͲ͏มԽ͢Δ͔Λ֬ఆͰ͖ΔൣғͰ୳Δ͜ͱʹ͢Δɻ
ఆৗঢ়ଶͷఆٛʹΑΓɺͭ͗ͷؔ܎͸߃౳ʹ੒ཱ͢Δɻ
f(ks(δ, η, ρ))− (δ + η)ks(δ, η, ρ)− c˜(λs(δ, η, ρ)) = 0 (60)
λs(δ, η, ρ) {(δ + η + ρ− η)− f ′(ks(δ, η, ρ))} = 0 (61)
͜ͷ྆ࣜΛ δ Ͱඍ෼͢Δͱ࣍ΛಘΔɻ
(
f ′(k(t))− (δ + η) −c˜′(λ(t))
−λ(t)f ′′(k(t)) δ + η + ρ− η − f ′(k(t))
)�����
k˙(t)=0,λ˙(t)=0
·
(
∂
∂δk
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
⇐⇒
(
ρ− η −c˜′(λs(δ, η, η))
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) 0
)
·
(
∂
∂δk
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
⇐⇒ J (ks(δ.η, ρ), λs(δ, η, ρ)) ·
(
∂
∂δk
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
(62)
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ਤ 4 Ҍ఺ͱϕΫτϧ৔
4 ൺֱಈֶ
4.1 λs(δ, η, ρ)͓Αͼ ks(δ, η, ρ)΁ͷӨڹ
͜͜Ͱ͸ɺ ਺ͱͨ͠ύϥϝʔλʔͷมԽͰɺఆৗঢ়ଶ͕ͲͷΑ͏ʹมԽ͢Δͷ͔ΛՄೳͳݶΓ෼ੳ͢Δ͜
ͱʹ͢Δɻఆৗঢ়ଶ͸ λs(δ, η, ρ)ͱ ks(δ, η, ρ)Ͱද͞ΕΔɻ͜ͷ஋͕ɺύϥϝʔλʔ δ, η, ρͷมԽʹΑͬͯɺ
ͦΕͧΕͲ͏มԽ͢Δ͔Λ֬ఆͰ͖ΔൣғͰ୳Δ͜ͱʹ͢Δɻ
ఆৗঢ়ଶͷఆٛʹΑΓɺͭ͗ͷؔ܎͸߃౳ʹ੒ཱ͢Δɻ
f(ks(δ, η, ρ))− (δ + η)ks(δ, η, ρ)− c˜(λs(δ, η, ρ)) = 0 (60)
λs(δ, η, ρ) {(δ + η + ρ− η)− f ′(ks(δ, η, ρ))} = 0 (61)
͜ͷ྆ࣜΛ δ Ͱඍ෼͢Δͱ࣍ΛಘΔɻ
(
f ′(k(t))− (δ + η) −c˜′(λ(t))
−λ(t)f ′′(k(t)) δ + η + ρ− η − f ′(k(t))
)�����
k˙(t)=0,λ˙(t)=0
·
(
∂
∂δk
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
⇐⇒
(
ρ− η −c˜′(λs(δ, η, η))
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) 0
)
·
(
∂
∂δk
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
⇐⇒ J (ks(δ.η, ρ), λs(δ, η, ρ)) ·
(
∂
∂δk
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
(62)
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ਤ 4 Ҍ఺ͱϕΫτϧ৔
4 ൺֱಈֶ
4.1 λs(δ, η, ρ)͓Αͼ ks(δ, η, ρ)΁ͷӨڹ
͜͜Ͱ͸ɺఆ਺ͱͨ͠ύϥϝʔλʔͷมԽͰɺఆৗঢ়ଶ͕ͲͷΑ͏ʹมԽ͢Δͷ͔ΛՄೳͳݶΓ෼ੳ͢Δ͜
ͱʹ͢Δɻఆৗঢ়ଶ͸ λs(δ, η, ρ)ͱ ks(δ, η, ρ)Ͱද͞ΕΔɻ͜ͷ஋͕ɺύϥϝʔλʔ δ, η, ρͷมԽʹΑͬͯɺ
ͦΕͧΕͲ͏มԽ͢Δ͔Λ֬ఆͰ͖ΔൣғͰ୳Δ͜ͱʹ͢Δɻ
ఆৗঢ়ଶ ఆٛʹΑΓɺͭ͗ͷؔ܎͸߃౳ʹ੒ཱ͢Δɻ
f(ks(δ, η, ρ))− (δ + η)ks(δ, η, ρ)− c˜(λs(δ, η, ρ)) = 0 (60)
λs(δ, η, ρ) {(δ + η + ρ− η)− f ′(ks(δ, η, ρ))} = 0 (61)
͜ͷ྆ࣜΛ δ Ͱඍ෼͢Δͱ࣍ΛಘΔɻ
f ′(k(t))− (δ + η) −c˜′(λ(t))
−λ(t)f ′′(k(t)) δ + η + ρ− η − f ′ k(t))
)�����
k˙(t)=0,λ˙(t)=0
·
(
∂
∂δk
s δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
⇐⇒
(
ρ− η −c˜′(λs(δ, η, η))
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) 0
)
·
(
∂
∂δk
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
⇐⇒ J (ks(δ.η, ρ), λs(δ, η, ρ)) ·
(
∂
∂δk
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
(62)
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ਤ 4 Ҍ఺ͱϕΫτϧ৔
4 ൺֱಈֶ
4.1 λs(δ, η, ρ)͓Αͼ ks(δ, η, ρ)΁ͷӨڹ
͜͜Ͱ͸ɺఆ਺ͱͨ͠ύϥϝʔλʔͷมԽͰɺఆৗঢ়ଶ͕ͲͷΑ͏ʹมԽ͢Δͷ͔ΛՄೳͳݶΓ෼ੳ͢Δ͜
ͱʹ͢Δɻఆৗঢ়ଶ͸ λs(δ, η, ρ)ͱ ks(δ, η, ρ)Ͱද͞ΕΔɻ͜ͷ஋͕ɺύϥϝʔλʔ δ, η, ρͷมԽʹΑͬͯɺ
ͦΕͧΕͲ͏มԽ͢Δ͔Λ֬ఆͰ͖ΔൣғͰ୳Δ͜ͱʹ͢Δɻ
ఆৗঢ়ଶͷఆٛʹΑΓɺͭ͗ͷؔ܎͸߃౳ʹ੒ཱ͢Δɻ
f(ks(δ, η, ρ))− (δ + η)ks(δ, η, ρ)− c˜(λs(δ, η, ρ)) = 0 (60)
λs(δ, η, ρ) {(δ + η + ρ− )− f ′(ks(δ, η, ρ))} = 0 (61)
͜ͷ྆ࣜΛ δ Ͱඍ෼͢Δͱ࣍ΛಘΔɻ
(
f ′(k(t))− (δ + η) −c˜′(λ(t))
−λ(t)f ′′(k(t)) δ + η + ρ− η − f ′(k(t))
)�����
k˙(t)=0,λ˙(t)=0
·
(
∂
δk
s(δ, η, ρ)
∂
δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
⇐⇒
(
ρ− η −c˜′(λs(δ, η, η))
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) 0
)
·
(
∂
∂δk
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
⇐⇒ J (ks(δ.η, ρ), λs(δ, η, ρ)) ·
(
∂
∂δk
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
(62)
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ਤ 4 Ҍ఺ͱϕΫτϧ৔
4 ൺֱಈֶ
4.1 λs(δ, η, ρ)͓Αͼ ks(δ, η, ρ)΁ͷӨڹ
͜͜Ͱ͸ɺఆ਺ͱͨ͠ύϥϝʔλʔͷมԽͰɺఆৗঢ়ଶ͕ͲͷΑ͏ʹมԽ͢Δͷ͔ΛՄೳͳݶΓ෼ੳ͢Δ͜
ͱʹ͢Δɻఆৗঢ়ଶ͸ λs(δ, η, ρ)ͱ ks(δ, η, ρ)Ͱද͞ΕΔɻ͜ͷ஋͕ɺύϥϝʔλʔ δ, η, ρͷมԽʹΑͬͯɺ
ͦΕͧΕͲ͏มԽ͢Δ͔Λ֬ఆͰ͖ΔൣғͰ୳Δ͜ͱʹ͢Δɻ
ఆৗঢ়ଶͷఆٛʹΑΓɺͭ͗ͷؔ܎͸߃౳ʹ੒ཱ͢Δɻ
f(ks(δ, η, ρ))− (δ + η)ks(δ, η, ρ)− c˜(λs(δ, η, ρ)) = 0 (60)
λs(δ, η, ρ) {(δ + η + ρ− η)− f ′(ks(δ, η, ρ))} = 0 (61)
͜ͷ྆ࣜΛ δ Ͱඍ෼͢Δͱ࣍ΛಘΔɻ
(
f ′(k(t))− (δ + η) −c˜′(λ(t))
−λ(t)f ′′(k(t)) δ + η + ρ− η − f ′(k(t))
)�����
k˙(t)=0,λ˙(t)=0
·
(
∂
∂δk
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
⇐⇒
(
ρ− η −c˜′(λs(δ, η, η))
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) 0
)
·
(
∂
∂δk
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
⇐⇒ J (ks(δ.η, ρ), λs(δ, η, ρ)) ·
(
∂
∂δk
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
(62)
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ਤ 4 Ҍ఺ͱϕΫτϧ৔
4 ൺֱಈֶ
4.1 λs(δ, η, ρ)͓Αͼ ks(δ, η, ρ)΁ͷӨڹ
͜͜Ͱ͸ɺఆ਺ͱͨ͠ύϥϝʔλʔͷมԽ ɺఆৗঢ়ଶ͕ͲͷΑ͏ʹมԽ͢Δͷ͔ΛՄೳͳݶΓ෼ੳ͢Δ͜
ͱʹ͢Δɻఆৗঢ়ଶ͸ λs(δ, η, ρ)ͱ ks(δ, η, ρ)Ͱද͞ΕΔɻ͜ͷ஋͕ɺύϥϝʔ ʔ δ, η, ρͷมԽʹΑͬͯɺ
ͦΕͧΕͲ͏มԽ͢Δ͔Λ֬ఆͰ͖ΔൣғͰ୳Δ͜ͱʹ͢Δɻ
ఆৗঢ়ଶͷఆٛʹΑΓɺͭ͗ͷؔ܎͸߃౳ʹ੒ཱ͢Δɻ
f(ks(δ, η, ρ))− (δ + η)ks(δ, η, )− c˜(λs(δ, η, ρ)) 0 (60)
λs(δ, η, ρ) {(δ + + ρ− η)− f ′(ks(δ, η, ρ))} = 0 (61)
͜ͷ྆ࣜΛ δ Ͱඍ෼͢Δͱ࣍ΛಘΔɻ
(
f ′(k(t))− (δ + η) −c˜′(λ(t))
−λ(t)f ′′(k(t)) δ + η + ρ− η − f ′(k(t))
)�����
k˙(t)=0,λ˙(t) 0
·
(
∂
∂ k
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
⇐⇒
(
ρ− η −c˜′(λs(δ, η, η))
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) 0
)
·
(
∂
∂ k
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
⇐⇒ J (ks(δ.η, ρ), λs(δ, η, ρ)) ·
(
∂
∂ k
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
(62)
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ਤ 4 Ҍ఺ͱϕΫτϧ৔
4 ൺֱಈֶ
4.1 λs(δ, η, ρ)͓Αͼ ks(δ, η, ρ)΁ Өڹ
͜͜Ͱ͸ɺఆ਺ͱͨ͠ύϥϝʔλʔͷมԽͰɺఆৗঢ়ଶ͕ͲͷΑ͏ʹมԽ͢Δͷ͔ΛՄೳͳݶΓ෼ੳ͢Δ͜
ͱʹ͢Δɻఆৗঢ়ଶ͸ λs(δ, η, ρ)ͱ ks(δ, η, ρ)Ͱද͞ΕΔɻ͜ͷ஋͕ɺύϥϝʔλʔ δ, η, ρͷมԽʹΑͬͯɺ
ͦΕͧΕͲ͏มԽ͢Δ͔Λ֬ఆͰ͖ΔൣғͰ୳Δ͜ͱʹ͢Δɻ
ఆৗঢ়ଶͷఆٛʹΑΓɺͭ͗ͷؔ܎͸߃౳ʹ੒ཱ͢Δɻ
f(ks(δ, η, ρ))− (δ + η)ks(δ, η, ρ)− c˜(λs δ, η, ρ)) = 0 (60)
λs(δ, η, ρ) {(δ + η + ρ− η)− f ′(ks(δ, η, ρ))} = 0 (61)
͜ͷ྆ࣜΛ δ Ͱඍ෼͢Δͱ࣍ΛಘΔɻ
(
f ′(k(t))− (δ + η) −c˜′(λ(t))
−λ(t)f ′′(k(t)) δ + η + ρ− η − f ′(k(t))
)�����
k˙(t)=0,λ˙(t)=0
·
(
∂
∂δk
s(δ, η, )
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
⇐⇒
(
ρ− η −c˜′(λs(δ, η, η))
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) 0
)
·
(
∂
∂δk
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
⇐⇒ J (ks(δ.η, ρ), λs(δ, η, ρ)) ·
(
∂
∂δk
s(δ, η, ρ)
∂
∂δλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
λs(δ, η, ρ)
)
(62)
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ここからCramer の公式を使って，パラメー
タδが定常状態にもたらす影響を評価する。
͔͜͜Β CramerͷެࣜΛ࢖ͬͯɺύϥϝʔλ δ ͕ఆৗঢ়ଶʹ΋ͨΒ͢ӨڹΛධՁ͢Δɻ
∂
∂δ
ks(δ, η, ρ) =
�����
ks(δ, η, ρ) −c˜′(λ(t))
λs(δ, η, ρ) 0
�����
/
detJ
= (c˜′(λ(t)))λs(δ, η, ρ)/detJ > 0 (63)
∂
∂δ
λs(δ, η, ρ) =
�����
ρ− η ks(δ, η, ρ)
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) λs(δ, η, ρ)
�����
/
detJ (64)
= (ρ− η) s(δ, η, ρ) + ks(δ, η, ρ)λs(δ, ρ, η)f ′′(ks(δ, ρ, η))/detJ →ʢූ߸ෆఆʣ (65)
ಉ༷ʹͯ͠ (60)ͱ (61)Λ η ʹ͍ͭͯඍ෼͢Δͱ࣍ΛಘΔɻ
J ·
(
∂
∂ηk
s(δ, η, ρ)
∂
∂ηλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
0
)
(66)
͜ΕΛ༻͍ͯɺη ͕ఆৗঢ়ଶʹ༩͑ΔӨڹΛධՁ͢Δɻ
∂
∂η
ks(δ, η, ρ) =
�����
ks(δ, η, ρ) −c˜′(λs(δ, η, ρ))
0 0
�����
/
detJ = 0 (67)
∂
∂η
λs(δ, η, ρ) =
�����
ρ− η ks(δ, η, ρ)
−λs(δ, η, ρ))f ′′(ks(δ, η, ρ))) 0
�����
/
detJ
= −k
s(δ, η, ρ)λs(δ, η, ρ)f ′′(ks(δ, η, ρ))
detJ < 0 (68)
ಉ༷ͳखଓ͖Ͱɺύϥϝʔλʔ ρ͕ఆৗঢ়ଶʹٴ΅͢ӨڹΛݟΔ͜ͱ͕ग़དྷΔɻ(60)ͱ (61)ʹΑΓɺ࣍Λ
ಘΔɻ
J ·
(
∂
∂ρk
s(δ, η, ρ)
∂
∂ρλ
s(δ, η, ρ)
)
=
(
0
−λs(δ, η, ρ)
)
(69)
͜ΕΒ͔Βɺ࣍Λಋग़Ͱ͖Δɻ
∂
∂ρ
ks(δ, η, ρ) =
�����
0 −c˜′(λs(δ, η, ρ))
−λs(δ, η, ρ) 0
�����
/
detJ = −λ
s(δ, η, ρ)c˜′(λs(δ, η, ρ))
detJ
< 0 (70)
∂
∂ρ
λs(δ, η, ρ) =
�����
ρ− η 0
−λs(δ, η, ρ)f ′′(ks(δ, η, ρ)) −λs(δ, η, ρ)
�����
/
detJ = −λ
s(δ, η, ρ)(ρ− η)
detJ
> 0 (71)
4.2 cs(δ, η, ρ)΁ͷӨڹ
ఆৗঢ়ଶʹରԠ͢Δফඅਫ४ cs(δ, η, ρ)͸, ϞσϧͰ͸ӨʹӅΕͯ͠·͍ͬͯΔ͕ɺύϥϝʔλʔ η, ρͷม
Խʹ͍ͭͯ͸ɺ࣍ͷΑ͏ʹͯ͠஌Δ͜ͱ͕ग़དྷΔɻ
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∂δ
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∂ηk
s(δ, η, ρ)
∂
∂ηλ
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∂
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/
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ಘΔɻ
J ·
(
∂
∂ρk
s(δ, η, ρ)
∂
∂ρλ
s(δ, η, ρ)
)
=
(
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−λs(δ, η, ρ)
)
(69)
͜ΕΒ͔Βɺ࣍Λಋग़Ͱ͖Δɻ
∂
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�����
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�����
/
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∂
∂ρ
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�����
ρ− η 0
−λs(δ, η, ρ)f ′′(ks(δ, η, ρ)) −λs(δ, η, ρ)
�����
/
detJ = −λ
s(δ, η, ρ)(ρ− η)
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∂δ
ks(δ, η, ρ) =
�����
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�����
/
detJ
= (c˜′(λ(t)))λs(δ, η, ρ)/detJ > 0 (63)
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∂δ
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�����
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�����
/
detJ (64)
= (ρ− η)λs(δ, η, ρ) + ks(δ, η, ρ)λs(δ, ρ, η)f ′′(ks(δ, ρ, η))/detJ →ʢූ߸ෆఆʣ (65)
ಉ༷ʹͯ͠ (60)ͱ (61)Λ η ʹ͍ͭͯඍ෼͢Δͱ࣍ΛಘΔɻ
J ·
∂
∂ηk
s(δ, η, ρ)
∂
∂ηλ
s(δ, η, ρ)
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=
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ks(δ, η, ρ)
0
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(66)
͜ΕΛ༻͍ͯɺη ͕ఆৗঢ়ଶʹ༩͑ΔӨڹΛධՁ͢Δɻ
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�����
/
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∂η
λs(δ, η, ρ) =
�����
ρ− η ks(δ, η, ρ)
−λs(δ, η, ρ))f ′′(ks(δ, η, ρ))) 0
�����
/
detJ
= −k
s(δ, η, ρ)λs(δ, η, ρ)f ′′(ks(δ, η, ρ))
detJ < 0 (68)
ಉ༷ͳखଓ͖Ͱɺύϥϝʔλʔ ρ͕ఆৗঢ়ଶʹٴ΅͢ӨڹΛݟΔ͜ͱ͕ग़དྷΔɻ(60)ͱ (61)ʹΑΓɺ࣍Λ
ಘΔɻ
J ·
(
∂
∂ρk
s(δ, η, ρ)
∂
∂ρλ
s(δ, η, ρ)
)
=
(
0
−λs(δ, η, ρ)
)
(69)
͜ΕΒ͔Βɺ࣍Λಋग़Ͱ͖Δɻ
∂
∂ρ
ks(δ, η, ρ) =
�����
0 −c˜′(λs(δ, η, ρ))
−λs(δ, η, ρ) 0
�����
/
detJ = −λ
s(δ, η, ρ)c˜′(λs(δ, η, ρ))
detJ
< 0 (70)
∂
∂ρ
λs(δ, η, ρ) =
�����
ρ− η 0
−λs(δ, η, ρ)f ′′(ks(δ, η, ρ)) −λs(δ, η, ρ)
�����
/
detJ = −λ
s(δ, η, ρ)(ρ− η)
detJ
> 0 (71)
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͔͜͜Β CramerͷެࣜΛ࢖ͬͯɺύϥϝʔλ δ ͕ఆৗঢ়ଶʹ΋ͨΒ͢ӨڹΛධՁ͢Δɻ
∂
∂δ
ks(δ, η, ρ) =
�����
ks(δ, η, ρ) −c˜′(λ(t))
λs(δ, η, ρ) 0
�����
/
detJ
= (c˜′(λ(t)))λs(δ, η, ρ)/detJ > 0 (63)
∂
∂δ
λs(δ, η, ρ) =
�����
ρ− η ks(δ, η, ρ)
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) λs(δ, η, ρ)
�����
/
detJ (64)
= (ρ− η)λs(δ, η, ρ) + ks(δ, η, ρ)λs(δ, ρ, η)f ′′(ks(δ, ρ, η))/detJ →ʢූ߸ෆఆʣ (65)
ಉ༷ʹͯ͠ (60)ͱ (61)Λ η ʹ͍ͭͯඍ෼͢Δͱ࣍Λಘ ɻ
J ·
(
∂
∂ηk
s(δ, η, ρ)
∂
∂ηλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
0
)
(66)
͜ΕΛ༻͍ͯɺη ͕ఆৗঢ়ଶʹ༩͑ΔӨڹΛධՁ͢Δɻ
∂
∂η
ks(δ, η, ρ) =
�����
ks(δ, η, ρ) −c˜′(λs(δ, η, ρ))
0 0 �
/
detJ = 0 (67)
∂
∂η
λs(δ, η, ρ) =
�����
ρ− η ks(δ, η, ρ)
−λs(δ, η, ρ))f ′′(ks(δ, η, ρ))) 0
�����
/
detJ
= −k
s(δ, η, ρ)λs( , , )f ′′(ks(δ, η, ρ))
detJ < 0 (68)
ಉ༷ͳखଓ͖Ͱɺύϥϝʔλʔ ρ͕ఆৗঢ়ଶʹٴ΅͢ӨڹΛݟΔ͜ͱ͕ग़དྷΔɻ(60)ͱ (61)ʹΑΓɺ࣍Λ
ಘΔɻ
J ·
(
∂
∂ρk
s(δ, η, ρ)
∂
∂ρλ
s(δ, η, ρ)
)
=
(
0
−λs(δ, η, ρ)
)
(69)
͜ΕΒ͔Βɺ࣍Λಋग़Ͱ͖Δɻ
∂
∂ρ
ks(δ, η, ρ) =
�����
0 −c˜′(λs(δ, η, ρ))
−λs(δ, η, ρ) 0
�����
/
detJ = −λ
s(δ, η, ρ)c˜′(λs(δ, η, ρ))
detJ
< 0 (70)
∂
∂ρ
λs(δ, η, ρ) =
�����
ρ− η 0
−λs(δ, η, ρ)f ′′(ks(δ, η, ρ)) −λs(δ, η, ρ)
�����
/
detJ = −λ
s(δ, η, ρ)(ρ− η)
detJ
> 0 (71)
4.2 cs(δ, η, ρ)΁ͷӨڹ
ఆৗঢ়ଶʹରԠ͢Δফඅਫ४ cs(δ, η, ρ)͸, ϞσϧͰ͸ӨʹӅΕͯ͠·͍ͬͯΔ͕ɺύϥϝʔλʔ η, ρͷม
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͔͜͜Β CramerͷެࣜΛ࢖ͬͯɺύϥϝʔλ δ ͕ఆৗঢ়ଶʹ΋ͨΒ͢ӨڹΛධՁ͢Δɻ
∂
∂δ
ks(δ, η, ρ) =
�����
ks(δ, η, ρ) −c˜′(λ(t))
λs(δ, η, ρ) 0
�����
/
detJ
= (c˜′(λ(t)))λs(δ, η, ρ)/detJ > 0 (63)
∂
∂δ
λs(δ, η, ρ) =
�����
ρ− η ks(δ, η, ρ)
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) λs(δ, η, ρ)
�����
/
detJ (64)
= (ρ− η)λs(δ, η, ρ) + ks(δ, η, ρ)λs(δ, ρ, η)f ′′(ks(δ, ρ, η))/detJ →ʢූ߸ෆఆʣ (65)
ಉ༷ʹͯ͠ (60)ͱ (61)Λ η ʹ͍ͭͯඍ෼͢Δͱ࣍ΛಘΔɻ
J ·
(
∂
∂ηk
s(δ, η, ρ)
∂
∂ηλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
0
)
(66)
͜ΕΛ༻͍ͯɺη ͕ఆৗঢ়ଶʹ༩͑ΔӨڹΛධՁ͢Δɻ
∂η
ks(δ, η, ρ)
�����
ks(δ, η, ρ) −c˜′(λs(δ, η, ρ))
0 0
�����
/
detJ = 0 (67)
∂η
λs(δ, η, ρ) =
�����
ρ− η ks(δ, η, ρ)
−λs(δ, η, ρ))f ′′(ks(δ, η, ρ))) 0
�����
/
detJ
= −k
s(δ, η, ρ)λs(δ, η, ρ)f ′′(ks(δ, η, ρ))
detJ
< 0 (68)
ಉ༷ͳखଓ͖Ͱɺύϥϝʔλʔ ρ͕ఆৗঢ়ଶʹٴ΅͢ӨڹΛݟΔ͜ͱ͕ग़དྷΔɻ(60)ͱ (61)ʹΑΓɺ࣍Λ
ಘΔɻ
J ·
(
∂
∂ρk
s(δ, η, ρ)
∂
∂ρλ
s(δ, η, ρ)
)
=
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0
−λs(δ, η, ρ)
)
(69)
͜ΕΒ͔Βɺ࣍Λಋग़Ͱ͖Δɻ
∂
∂ρ
ks(δ, η, ρ) =
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s(δ, η, ρ)c˜′(λs(δ, η, ρ))
detJ
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∂
∂ρ
λs(δ, η, ρ) =
�����
ρ− η 0
−λs(δ η, ρ)f ′′(ks(δ, η, ρ)) −λs(δ, η, ρ)
�����
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detJ = −λ
s(δ, η, ρ)(ρ− η)
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∂
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∂
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∂ηλ
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= (ρ− η)λs(δ, η, ρ) + ks(δ, η, ρ)λs(δ, ρ, η)f ′′(ks(δ, ρ, η))/detJ →ʢූ߸ෆఆʣ (65)
ಉ༷ʹͯ͠ (60)ͱ (61)Λ η ʹ͍ͭͯඍ෼͢Δͱ࣍ΛಘΔɻ
J ·
(
∂
∂ηk
s(δ, η, ρ)
∂
∂ηλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
0
)
(66)
͜ΕΛ༻͍ͯɺη ͕ఆৗঢ়ଶʹ༩͑ΔӨڹΛධՁ͢Δɻ
∂
∂η
ks(δ, η, ρ) =
�����
ks(δ, η, ρ) −c˜′(λs(δ, η, ρ))
0 0
�����
/
detJ = 0 (67)
∂
∂η
λs(δ, η, ρ) =
�����
ρ− η ks(δ, η, ρ)
−λs(δ η, ρ))f ′′( )) 0
�����
/
detJ
= −k
s(δ, η, ρ)λs(δ, η, ρ)f ′′(ks(δ, η, ρ))
detJ < 0 (68)
ಉ༷ͳखଓ͖Ͱɺύϥϝʔλʔ ρ͕ఆৗঢ়ଶʹٴ΅͢ӨڹΛݟΔ͜ͱ͕ग़དྷΔɻ(60)ͱ (61)ʹΑΓɺ࣍Λ
ಘΔɻ
J ·
(
∂
∂ρk
s(δ, η, ρ)
∂
ρλ
s(δ, η, ρ)
)
=
(
0
−λs(δ, η, ρ)
)
(69)
͜ΕΒ͔Βɺ࣍Λಋग़Ͱ͖Δɻ
∂
∂ρ
ks(δ, η, ρ) =
�����
0 −c˜′(λs(δ, η, ρ))
−λs(δ, η, ρ) 0
�����
/
detJ = −λ
s(δ, η, ρ)c˜′(λs(δ, η, ρ))
detJ
< 0 (70)
∂
∂ρ
λs(δ, η, ρ) =
�����
ρ− η 0
−λs(δ, η, ρ)f ′′(ks(δ, η, ρ)) −λs(δ, η, ρ)
�����
/
detJ = −λ
s(δ, η, ρ)(ρ− η)
detJ
> 0 (71)
4.2 cs(δ, η, ρ)΁ͷӨڹ
ఆৗঢ়ଶ ରԠ͢Δফඅਫ४ cs(δ, η, ρ)͸, ϞσϧͰ͸ӨʹӅΕͯ͠·͍ͬͯΔ͕ɺύϥϝʔλʔ η, ρͷม
Խʹ͍ͭͯ͸ɺ࣍ͷΑ͏ʹͯ͠஌Δ͜ͱ͕ग़དྷΔɻ
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͔͜͜Β CramerͷެࣜΛ࢖ͬͯɺύϥϝʔλ δ ͕ఆৗঢ়ଶʹ΋ͨΒ͢ӨڹΛධՁ͢Δɻ
∂
∂δ
ks(δ, η, ρ) =
�����
ks(δ, η, ρ) −c˜′(λ(t))
λs(δ, η, ρ) 0
�����
/
detJ
= (c˜′(λ(t)))λs(δ, η, ρ)/detJ > 0 (63)
∂
∂δ
λs(δ, η, ρ) =
�����
ρ− η ks(δ, η, ρ)
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) λs(δ, η, ρ)
�����
/
detJ (64)
= (ρ− η)λs(δ, η, ρ) + ks(δ, η, ρ)λs(δ, ρ, η)f ′′(ks(δ, ρ, η))/detJ →ʢූ߸ෆఆʣ (65)
ಉ༷ʹͯ͠ 60)ͱ (61 Λ η ʹ͍ͭͯඍ෼͢Δͱ࣍ΛಘΔɻ
J ·
∂
∂ηk
s(δ, η, ρ)
∂
∂ηλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
0
)
(66)
͜ΕΛ༻͍ͯɺη ͕ఆৗঢ়ଶʹ༩͑ΔӨڹΛධՁ͢Δɻ
∂
∂η
ks(δ, η, ρ) =
�����
−c˜′(λs(δ, η, ρ))
0 0
�����
/
detJ 0 (67)
∂
∂η
λs(δ, η, ρ) =
�����
ρ− ks(δ, η, )
−λs(δ, η, ρ))f ′′(ks(δ, η, ρ))) 0
�����
/
detJ
= −k
s(δ, η, ρ)λs(δ, η, ρ)f ′′(ks(δ, η, ρ))
detJ
< 0 (68)
ಉ༷ͳखଓ͖Ͱɺύϥϝʔλʔ ρ͕ఆৗঢ়ଶʹٴ΅͢ӨڹΛݟΔ͜ͱ͕ग़དྷΔɻ(60)ͱ (61)ʹΑΓɺ࣍Λ
ಘΔɻ
J ·
(
∂
∂ρk
s(δ, η, ρ)
∂
∂ρλ
s(δ, η, ρ)
)
=
(
0
−λs(δ, η, ρ)
)
(69)
͜ΕΒ͔Βɺ࣍Λಋग़Ͱ͖Δɻ
∂
∂ρ
ks(δ, η, ρ) =
�����
0 −c˜′(λs(δ, η, ρ))
−λs(δ, η, ρ) 0
�����
/
detJ = −λ
s(δ, η, )c˜′(λs(δ, η, ρ))
detJ
< 0 (70)
∂
∂ρ
λs(δ, η, ρ) =
�����
ρ− η 0
−λs(δ, η, ρ)f ′′(ks(δ, η, ρ)) −λs(δ, η, ρ)
�����
/
detJ = −λ
s(δ, η, ρ)(ρ− η)
detJ > 0 (71)
4.2 cs(δ, η, ρ)΁ͷӨڹ
ఆৗঢ়ଶʹରԠ͢Δফඅਫ४ cs(δ, η, ρ)͸, ϞσϧͰ͸ӨʹӅΕͯ͠·͍ͬͯΔ͕ɺύϥϝʔλʔ η, ρͷม
Խʹ͍ͭͯ͸ɺ࣍ͷΑ͏ʹͯ͠஌Δ͜ͱ͕ग़དྷΔɻ
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　
同様にしてとをηについて微分すると次
を得る。
͔͜͜Β CramerͷެࣜΛ࢖ͬͯɺύϥϝʔλ δ ͕ఆৗঢ়ଶʹ΋ͨΒ͢ӨڹΛධՁ͢Δɻ
∂
∂δ
ks(δ, η, ρ) =
�����
ks(δ, η, ρ) −c˜′ λ(t))
λs(δ, η, ρ) 0
�����
/
detJ
= (c˜′(λ(t)))λs(δ, η, ρ)/detJ > 0 (63)
∂
∂δ
λs(δ, η, ρ) =
�����
ρ− η ks(δ, η, ρ)
− s( , ρ, η)f ′′( ρ η ) λs(δ, η, ρ)
�����
/
detJ (64)
= (ρ− η)λs(δ, η, ρ) + ks(δ, η, ρ)λs(δ, ρ, η)f ′′(ks(δ, ρ, η))/detJ →ʢූ߸ෆఆʣ (65)
ಉ༷ʹͯ͠ (60)ͱ (61)Λ η ʹ͍ͭͯඍ෼͢Δͱ࣍ΛಘΔɻ
J ·
∂
∂ηk
s(δ, η, ρ)
∂
∂ηλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
0
)
(66)
͜ΕΛ༻͍ͯɺη ͕ఆৗঢ়ଶʹ༩͑ΔӨڹΛධՁ͢Δɻ
∂
∂η
s(δ, η, ) =
�����
ks(δ, η, ρ) −c˜′(λs(δ, η, ρ))
0 0
�����
/
detJ = 0 (67)
∂
∂η
λs(δ, η, ρ) =
�����
ρ− η ks(δ, η, ρ)
−λs(δ, η, ρ))f ′′(ks(δ, η, ρ))) 0
�����
/
detJ
= −k
s(δ, η, ρ)λs(δ, η, ρ)f ′′(ks(δ, η, ρ))
detJ
< 0 (68)
ಉ༷ͳखଓ͖Ͱɺύϥϝʔλʔ ρ͕ఆৗঢ়ଶʹٴ΅͢ӨڹΛݟΔ͜ͱ͕ग़དྷΔɻ(60)ͱ (61)ʹΑΓɺ࣍Λ
ಘΔɻ
J ·
∂
∂ρk
s(δ, η, ρ)
∂
∂ρλ
s(δ, η, ρ)
)
=
(
0
−λs(δ, η, ρ)
)
(69)
͜ΕΒ͔Βɺ࣍Λಋग़Ͱ͖Δɻ
∂
∂ρ
ks(δ, η, ρ) =
�����
0 −c˜′(λs(δ, η, ρ))
−λs(δ, η, ρ) 0
�����
/
detJ = −λ
s(δ, η, ρ)c˜′(λs(δ, η ρ))
detJ
< 0 (70)
∂
∂ρ
λs(δ, η, ρ) =
�����
ρ− η 0
−λs(δ, η, ρ)f ′′(ks(δ, η, ρ)) −λs(δ, η, ρ)
�����
/
detJ = −λ
s(δ, η, ρ)(ρ− η)
detJ > 0 (71)
4.2 cs(δ, η, ρ)΁ͷӨڹ
ఆৗঢ়ଶʹରԠ͢Δফඅਫ४ cs(δ, η, ρ)͸, ϞσϧͰ͸ӨʹӅΕͯ͠·͍ͬͯΔ͕ɺύϥϝʔλʔ η, ρͷม
Խʹ͍ͭͯ͸ɺ࣍ͷΑ͏ʹͯ͠஌Δ͜ͱ͕ग़དྷΔɻ
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　　 
これを用いて，ηが定常状態に与える影響を評
価する。
͔͜͜Β CramerͷެࣜΛ࢖ͬͯɺύϥϝʔλ δ ͕ఆৗঢ়ଶʹ΋ͨΒ͢ӨڹΛධՁ͢Δɻ
∂
∂δ
ks(δ, η, ρ) =
�����
ks(δ, η, ρ) −c˜′(λ(t))
λs(δ, η, ρ) 0
����� detJ
= (c˜′(λ(t)))λs(δ, η, ρ)/detJ > 0 (63)
∂
∂δ
λs(δ, η, ρ) =
�����
ρ− η ks(δ, η, ρ)
−λs(δ, ρ, )f ′′(ks(δ, ρ, η)) λs(δ, η, ρ)
�����
/
detJ (64)
= (ρ− η)λs(δ, η, ρ) + ks(δ, η, ρ)λs(δ, ρ, η)f ′′(ks(δ, ρ, η))/detJ →ʢූ߸ෆఆʣ (65)
ಉ༷ʹͯ͠ (60)ͱ (61)Λ η ʹ͍ͭͯඍ෼͢Δͱ࣍ΛಘΔɻ
J ·
(
∂
∂ηk
s(δ, η, ρ)
∂
∂ηλ
s(δ, η, ρ)
=
(
ks(δ, η, ρ)
0
)
(66)
͜ΕΛ༻͍ͯɺη ͕ఆৗঢ়ଶʹ༩͑ΔӨڹΛධՁ͢Δɻ
∂
∂η
ks( , η, ρ) =
�����
ks(δ, η, ρ) −c˜′(λs(δ, η, ρ))
0 0
�����
/
detJ = 0 (67)
∂
∂η
λs(δ, η, ρ) =
�����
ρ η ks(δ, η, ρ)
−λs(δ, η, ρ))f ′′(ks(δ, η, ρ))) 0
�����
/
detJ
= −k
s(δ, η, ρ)λs(δ, η, ρ)f ′′(ks(δ, η, ρ))
detJ < 0 (68)
ಉ༷ͳखଓ͖Ͱɺύϥϝʔλʔ ρ͕ఆৗঢ়ଶʹٴ΅͢ӨڹΛݟΔ͜ͱ͕ग़དྷΔɻ(60)ͱ (61)ʹΑΓɺ࣍Λ
ಘΔɻ
J ·
(
∂
∂ρk
s(δ, η, ρ)
∂
∂ρλ
s(δ, η, ρ)
=
(
0
−λs(δ, η, ρ)
)
(69)
͜ΕΒ͔Βɺ࣍Λಋग़Ͱ͖Δɻ
∂
∂ρ
ks(δ, η, ρ) =
�����
0 −c˜′(λs(δ, η, ρ))
−λs(δ, η, ρ) 0
�����
/
detJ = −λ
s(δ, η, ρ)c˜′(λs(δ, η, ρ))
detJ
< 0 (70)
∂
∂ρ
λs(δ, η, ρ) =
�����
ρ− η 0
−λs(δ, η, ρ)f ′′(ks(δ, η, ρ)) −λs(δ, η, ρ)
�����
/
detJ = −λ
s(δ, η, ρ)(ρ− η)
detJ > 0 (71)
4.2 cs(δ, η, ρ)΁ͷӨڹ
ఆৗঢ়ଶʹରԠ͢Δফඅਫ४ cs(δ, η, ρ)͸, ϞσϧͰ͸ӨʹӅΕͯ͠·͍ͬͯΔ͕ɺύϥϝʔλʔ η, ρͷม
Խʹ͍ͭͯ͸ɺ࣍ͷΑ͏ʹͯ͠஌Δ͜ͱ͕ग़དྷΔɻ
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͔͜͜Β CramerͷެࣜΛ࢖ͬͯɺύϥϝʔλ ͕ఆৗঢ়ଶʹ΋ͨΒ͢ӨڹΛධՁ͢Δɻ
∂
∂δ
ks(δ, η, ρ) =
�����
ks(δ, η, ρ) −c˜′(λ(t))
λs(δ, η, ρ) 0
�����
/
detJ
= (c˜′(λ(t)))λs(δ, η, ρ /detJ > 0 (63)
∂
∂δ
λs(δ, η, ρ) =
�����
ρ− η ks(δ, η, ρ)
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) λs(δ, η, ρ)
�����
/
detJ (64)
= (ρ− η)λs(δ, η, ρ) + ks(δ, η, ρ)λs(δ, ρ, η)f ′′(ks(δ, ρ, η))/detJ →ʢූ߸ෆఆʣ (65)
ಉ༷ʹͯ͠ (60)ͱ (61)Λ η ʹ͍ͭͯඍ෼ ͱ࣍ΛಘΔɻ
J ·
(
∂
∂ηk
s(δ, η, ρ)
∂
∂ηλ
s( , , )
)
=
(
ks(δ, η, ρ)
0
)
(66)
͜ΕΛ༻͍ͯɺη ͕ఆৗঢ়ଶʹ༩͑ΔӨڹΛධՁ͢Δɻ
∂
∂η
ks(δ, η, ρ)
�����
ks(δ, η, ρ) c˜′(λs(δ, η, ρ))
0 0
�����
/
detJ = 0 (67)
∂
∂η
s(δ, η, ρ
�����
ρ− η ks(δ, η, ρ)
−λs(δ, η, ρ))f ′′(ks(δ, η, ρ))) 0
�����
/
detJ
= −k
s(δ, η, ρ)λs(δ, η, ρ)f ′′(ks(δ, η, ρ))
detJ < 0 (68)
ಉ༷ͳखଓ͖Ͱɺύϥϝʔλʔ ͕ఆৗঢ়ଶʹٴ΅͢ӨڹΛݟΔ͜ͱ͕ग़དྷΔɻ(60)ͱ (61)ʹΑΓɺ࣍Λ
ಘΔɻ
J ·
(
∂
∂ρk
s(δ, η, ρ)
∂
∂ρλ
s(δ, η, ρ)
)
=
(
0
−λs(δ, η, ρ)
)
(69)
͜ΕΒ͔Βɺ࣍Λಋग़Ͱ͖Δɻ
∂
∂ρ
ks(δ, η, ρ)
�����
0 −c˜′(λs(δ, η, ρ))
λs(δ, η, ρ) 0
�����
/
detJ = −λ
s(δ, η, ρ)c˜′(λs(δ, η, ρ))
detJ
< 0 (70)
∂
∂ρ
λs(δ, η, ρ) =
�����
ρ− η 0
−λs(δ, η, ρ)f ′′(ks(δ, η, ρ)) −λs(δ, η, ρ)
�����
/
detJ = −λ
s(δ, η, ρ)(ρ− η)
detJ
> 0 (71)
4.2 cs(δ, η, ρ)΁ͷӨڹ
ఆৗঢ়ଶʹରԠ͢Δফඅਫ४ cs(δ, η, ρ)͸, ϞσϧͰ͸ӨʹӅΕͯ͠·͍ͬͯΔ͕ɺύϥϝʔλʔ η, ρͷม
Խʹ͍ͭͯ͸ɺ࣍ͷΑ͏ʹͯ͠஌Δ͜ͱ͕ग़དྷΔɻ
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͜ Β CramerͷެࣜΛ࢖ͬͯɺύϥϝʔλ δ ͕ఆৗঢ়ଶʹ΋ͨΒ͢ӨڹΛධՁ͢Δɻ
∂
∂δ
ks(δ, η, ρ) =
�����
ks(δ, η, ρ −c˜′(λ(t))
λs(δ, η, ρ) 0
�����
/
detJ
= (c˜′(λ(t)))λs(δ, η, ρ)/detJ > 0 (63)
∂
∂δ
λs(δ, η, ρ) =
�����
ρ− η ks(δ, η, ρ)
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) λs(δ, , ρ)
����
/
detJ (64)
= (ρ− η)λs(δ, η, ρ) + ks(δ, η, ρ)λs(δ, ρ, η)f ′′(ks(δ, ρ, η))/detJ →ʢූ߸ෆఆʣ (65)
ಉ༷ʹͯ͠ (60)ͱ (61)Λ η ʹ͍ͭͯඍ෼͢Δͱ࣍ΛಘΔɻ
J ·
(
∂
∂ηk
s(δ, , )
∂
∂ηλ
s(δ, η, ρ)
=
(
ks(δ, η, ρ)
0
)
(6 )
͜ΕΛ༻͍ͯɺη ͕ఆৗঢ়ଶʹ༩͑ΔӨڹΛධՁ͢Δɻ
∂
∂η
ks(δ, η, ρ) =
�����
ks(δ, η, ρ) −c˜′( s( , , ))
0 0
�����
/
detJ = 0 (67)
∂
∂η
λs(δ, η, ρ) =
�����
ρ− η ks(δ, η, ρ)
−λs(δ, η, ρ))f ′′(ks(δ, η, ρ))) 0
�����
/
detJ
= −k
s(δ, η, ρ)λs(δ, η, ρ)f ′′(ks(δ, η, ρ))
detJ < 0 (68)
ಉ༷ͳखଓ͖Ͱɺύϥϝʔλʔ ρ͕ఆৗঢ়ଶʹٴ΅͢ӨڹΛݟΔ͜ͱ͕ग़དྷΔɻ(60)ͱ (61)ʹΑΓɺ࣍Λ
ಘΔɻ
J ·
(
∂
∂ρk
s(δ, η, ρ)
∂
∂ρλ
s(δ, η, ρ)
)
=
(
0
−λs(δ, η, ρ)
)
(69)
͜ΕΒ͔Βɺ࣍Λಋग़Ͱ͖Δɻ
∂
∂ρ
ks(δ, η, ρ) =
�����
0 −c˜′(λs(δ, η, ρ))
−λs(δ, η, ρ) 0
�����
/
detJ = −λ
s(δ, η, ρ)c˜′(λs(δ, η, ρ))
detJ
< 0 70)
∂
∂ρ
λs(δ, η, ρ) =
�����
ρ− η 0
−λs(δ, η, ρ)f ′′(ks(δ, η, ρ)) −λs(δ, η, ρ)
�����
/
detJ = −λ
s(δ, η, ρ)(ρ− η)
detJ
> 0 (71)
4.2 cs(δ, η, ρ)΁ͷӨڹ
ఆৗঢ়ଶʹରԠ͢Δফඅਫ४ cs(δ, η, ρ)͸, ϞσϧͰ͸ӨʹӅΕͯ͠·͍ͬͯΔ͕ɺύϥϝʔλʔ η, ρͷม
Խʹ͍ͭͯ͸ɺ࣍ͷΑ͏ʹͯ͠஌Δ͜ͱ͕ग़དྷΔɻ
10
͜ ͔Β Cramer ެࣜΛ࢖ͬͯɺύϥϝʔλ δ ͕ఆৗঢ়ଶʹ΋ͨΒ͢ӨڹΛධՁ͢Δɻ
∂
∂δ
ks(δ, η ρ) =
�����
ks(δ, η −c˜′(λ t
λs(δ, η ρ) 0
����� detJ
= (c˜′ λ t) λs(δ, η ρ)/detJ > 0 (63)
∂
∂δ
λs(δ, η ρ) =
�����
ρ− ks(δ, η ρ)
−λs(δ, ρ η)f ′′(ks(δ, ρ η) λs(δ, η ρ)
����� detJ (64)
= (ρ− η)λs(δ, η ρ) + s , λs(δ, ρ η)f ′′(ks(δ, ρ η) /detJ →ʢූ߸ෆఆʣ (65)
ಉ༷ʹͯ͠ (60)ͱ (61)Λ η ʹ͍ͭͯඍ෼͢Δͱ࣍ΛಘΔɻ
J ·
∂
∂ηk
s(δ, η ρ)
∂
∂ηλ
s(δ, η ρ)
=
(
ks(δ, η ρ)
0
(6 )
͜ΕΛ༻͍ͯɺη ͕ఆৗঢ়ଶʹ༩͑ΔӨڹΛධՁ͢Δɻ
∂
∂
ks(δ, η ρ) =
�����
ks(δ, η ρ) −c˜′(λs(δ, η ρ)
0 0
����� detJ = 0 (67)
∂
∂
λs(δ, η ) =
�����
ρ− η ks(δ, η ρ)
−λs(δ, η ρ) f ′′(ks(δ, η ρ) 0
����� detJ
= −k
s(δ, η ρ)λs(δ, )f ′′(ks(δ, η ρ)
detJ < 0 (68)
ಉ༷ͳखଓ͖Ͱɺύϥϝʔλʔ ρ͕ఆৗঢ়ଶʹٴ΅͢ӨڹΛݟΔ͜ͱ͕ग़དྷΔɻ(60)ͱ (61)ʹΑΓɺ࣍Λ
ಘΔɻ
J ·
(
∂
∂ρk
s(δ, η ρ)
∂
∂ρλ
s(δ, η ρ)
)
=
(
0
−λs(δ, η ρ)
)
(69)
͜ΕΒ͔Βɺ࣍Λಋग़Ͱ͖Δɻ
∂
∂ρ
ks(δ, η ρ) =
�����
0 c˜′(λs(δ, η ρ)
−λs(δ, η ρ) 0
����� detJ =
−λs(δ, η ρ)c˜′(λs(δ, η ρ)
detJ
< 0 (70)
∂
∂ρ
λs(δ, η ρ) =
�����
ρ− η 0
−λs(δ, η ρ)f ′′(ks(δ, η ρ) −λs(δ, η ρ)
����� detJ =
−λs(δ, η ρ)(ρ− η)
detJ
> 0 (71)
4.2 cs(δ, η, ρ)΁ͷӨڹ
ఆৗঢ়ଶʹରԠ͢Δফඅਫ४ cs(δ, η ρ)͸, ϞσϧͰ͸ӨʹӅΕͯ͠·͍ͬͯΔ͕ɺύϥϝʔλʔ η, ρͷม
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͔͜͜Β CramerͷެࣜΛ࢖ͬͯɺύϥϝʔλ δ ͕ఆৗঢ়ଶʹ΋ͨΒ͢ӨڹΛධՁ͢Δɻ
∂
∂δ
ks( , , ) =
�����
ks(δ, η, ρ) −c˜′(λ(t))
λs(δ, η, ρ) 0
�����
/
detJ
= (c˜′(λ(t)))λs(δ, η, ρ)/detJ > 0 (63)
∂
∂δ
λs(δ, η, ρ) =
�����
ρ− η ks(δ, η, ρ)
−λs(δ, ρ, η f ′′(ks(δ, ρ, η)) λs(δ, η, ρ)
�����
/
detJ (64)
= (ρ− η)λs(δ, η, ρ + ks(δ, η, ρ)λs(δ, ρ, η)f ′′(ks(δ, ρ, η))/detJ →ʢූ߸ෆఆʣ (65)
ಉ༷ʹͯ͠ (60)ͱ (61)Λ η ʹ͍ͭͯඍ෼͢Δͱ࣍ΛಘΔɻ
J ·
(
∂
∂η
s( , , )
∂
∂ηλ
s(δ, η, ρ)
(
ks(δ, η, ρ)
0
)
(66)
͜ΕΛ༻͍ͯɺη ͕ఆৗঢ়ଶʹ༩͑ ӨڹΛධՁ͢Δɻ
∂
∂η
ks(δ, η, ρ) =
�
k , , −c˜′ λs(δ, η, ρ))
0
�����
/
detJ = 0 (67)
∂
∂η
λs(δ, η, ρ) =
�����
ρ− η ks(δ, η, ρ)
−λs(δ, η, ρ))f ′′(ks(δ, η, ρ))) 0
�����
/
detJ
= −k
s(δ, η, ρ)λs(δ, η, ρ)f ′′(ks(δ, η, ρ))
detJ < 0 (68)
ಉ༷ͳखଓ͖Ͱɺύϥϝʔλʔ ρ͕ఆৗঢ়ଶʹٴ΅͢ӨڹΛݟΔ͜ ͕ग़དྷΔɻ(60)ͱ (61)ʹΑΓɺ࣍Λ
ಘΔɻ
J ·
(
∂
∂ρk
s(δ, η, ρ)
∂
∂ρλ
s(δ, η, ρ)
)
=
(
0
−λs(δ, η, ρ)
)
(69)
͜ΕΒ͔Βɺ࣍Λಋग़Ͱ͖Δɻ
∂
∂ρ
ks(δ, η, ρ) =
�
0 −c˜′(λs(δ, η ρ))
−λs(δ, η, ρ) 0
�����
/
detJ = −λ
s(δ, η, ρ)c˜′(λs(δ, η, ρ))
detJ
< 0 (70)
∂
∂ρ
λs(δ, η, ρ) =
�����
ρ− η 0
−λs(δ, η, ρ)f ′′(ks(δ, η, ρ)) −λs(δ, η, ρ)
�����
/
detJ = λ
s(δ, η, ρ)(ρ− η)
detJ
> 0 (71)
4.2 cs(δ, η, ρ)΁ͷӨڹ
ఆৗঢ়ଶʹରԠ͢Δফඅਫ४ cs(δ, η, ρ)͸, ϞσϧͰ͸ӨʹӅΕͯ͠·͍ͬͯΔ͕ɺύϥϝʔλʔ η, ρͷม
Խʹ͍ͭͯ͸ɺ࣍ͷΑ͏ʹͯ͠஌Δ͜ͱ͕ग़དྷΔɻ
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͔͜Β CramerͷެࣜΛ࢖ͬͯɺύϥϝʔλ δ ͕ఆৗঢ়ଶʹ΋ͨΒ͢ӨڹΛධՁ͢Δɻ
∂
∂δ
ks(δ, η, ρ) =
�����
ks(δ, η, ρ) −c˜′ λ(t))
λs(δ, η, ρ) 0
�����
/
detJ
= (c˜′(λ(t)))λs(δ, η, ρ)/detJ > 0 (63)
∂
∂δ
λs(δ, η, ρ) =
�����
ρ− ks(δ, η, ρ)
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) λs(δ, η, ρ)
�����
/
detJ (64)
= (ρ− η)λs , , ρ) + ks(δ η, λs(δ, ρ, η)f ′′(ks(δ, ρ, η))/detJ →ʢූ߸ෆఆʣ (65)
ಉ༷ʹͯ͠ (60 ͱ (61)Λ η ʹ͍ͭͯඍ෼͢Δͱ࣍ΛಘΔɻ
J ·
(
∂
∂ k
s(δ, η, ρ)
∂
∂ηλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
0
)
(66)
͜ΕΛ༻͍ͯɺη ͕ఆৗঢ়ଶʹ༩͑ΔӨڹΛධՁ͢Δɻ
∂
∂η
ks(δ, η, ρ =
�����
ks(δ, η, ) −c˜′(λs(δ, η, ρ))
0 0
�����
/
detJ = 0 (67)
∂
∂η
λs(δ, η, ρ) =
�����
ρ− ks(δ, η, ρ)
−λs(δ, η, ρ))f ′′(ks(δ, η, ρ))) 0
�����
/
detJ
= −k
s(δ, η, ρ)λs(δ, η, ρ)f ′′(ks(δ, η, ρ))
detJ < 0 (68)
ಉ༷ͳखଓ͖Ͱɺύϥϝʔλʔ ρ͕ఆৗঢ়ଶʹٴ΅͢ӨڹΛݟΔ͜ͱ͕ग़དྷΔɻ(60)ͱ (61)ʹΑΓɺ࣍Λ
ಘΔɻ
J ·
(
∂
∂ρk
s(δ, η, ρ)
∂
∂ρλ
s(δ, η, ρ)
)
=
(
0
−λs(δ, η, ρ)
)
(69
͜ΕΒ͔Βɺ࣍Λಋग़Ͱ͖Δɻ
∂
∂ρ
ks(δ, η, ρ) =
�����
0 −c˜′(λs(δ, η, ρ))
−λs(δ, η, ρ) 0
�����
/
detJ = −λ
s(δ, η, ρ)c˜′(λs(δ, η, ρ))
detJ
< 0 (70)
∂
∂ρ
λs(δ, η, ρ) =
�����
ρ− η 0
−λs(δ, η, ρ)f ′′(ks(δ, η, ρ)) −λs(δ, η, ρ)
�����
/
detJ = −λ
s(δ, η, ρ)(ρ− η)
detJ > 0 (71)
4.2 cs(δ, η, ρ)΁ͷӨڹ
ఆৗঢ়ଶʹରԠ͢Δফඅਫ४ cs(δ, η, ρ)͸, ϞσϧͰ͸ӨʹӅΕͯ͠·͍ͬͯΔ͕ɺύϥϝʔλʔ η, ρͷม
Խʹ͍ͭͯ͸ɺ࣍ͷΑ͏ʹͯ͠஌Δ͜ͱ͕ग़དྷ ɻ
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͔͜͜Β CramerͷެࣜΛ࢖ͬͯɺύϥϝʔλ δ ͕ఆৗঢ়ଶʹ΋ͨΒ͢ӨڹΛධՁ͢Δɻ
∂
∂δ
ks(δ, η, ρ) =
�����
ks(δ, η, ρ) −c˜′(λ(t))
λs(δ, η, ρ) 0
�����
/
detJ
= (c˜′(λ(t)))λs(δ, η, ρ)/detJ > 0 (63)
∂
∂δ
λs(δ, η, ρ) =
�����
ρ− η ks(δ, η, ρ)
−λs(δ, ρ, η)f ′′(ks(δ, , η)) λs(δ, η, ρ)
�����
/
detJ (64)
= (ρ− η)λs(δ, η, ρ) + ks(δ, η, ρ)λs(δ, ρ, η)f ′′(ks(δ, ρ, η))/detJ →ʢූ߸ෆఆʣ (65)
ಉ༷ʹͯ͠ (60)ͱ (61)Λ η ʹ͍ͭͯඍ෼͢Δͱ࣍ΛಘΔɻ
J ·
(
∂
∂ηk
s(δ, η,
∂
∂ηλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
)
66)
͜ΕΛ༻͍ͯɺη ͕ఆৗঢ়ଶʹ༩͑ΔӨڹΛධՁ͢Δɻ
∂
∂η
ks(δ, η, ρ) =
�����
ks(δ, η, ρ) −c˜′(λs(δ, η, ρ))
0 0
�����
/
detJ = 0 (67)
∂
∂η
λs(δ, η, ρ)
�����
ρ− η ks(δ, , ρ)
−λs(δ, η, ρ))f ′′(ks(δ, η, ρ))) 0
�����
/
detJ
= −k
s(δ, η, ρ)λs(δ, η, ρ)f ′′(ks(δ, η, ρ))
detJ < 0 (68)
ಉ༷ͳखଓ͖Ͱɺύϥϝʔλʔ ρ͕ఆৗঢ়ଶʹٴ΅͢ӨڹΛݟΔ͜ͱ͕ग़དྷΔɻ(60)ͱ (61)ʹΑΓɺ࣍Λ
ಘΔɻ
J ·
(
∂
∂ρk
s(δ, η, ρ)
∂
∂ρλ
s(δ, η, ρ)
=
(
0
−λs(δ, η, ρ)
)
(69)
͜ΕΒ͔Βɺ࣍Λಋग़Ͱ͖Δɻ
∂
∂ρ
ks(δ, η, ρ) =
����
0 −c˜′(λs(δ, η, ρ))
−λs(δ, η, ρ) 0
�����
/
detJ = −λ
s(δ, η, ρ)c˜′(λs(δ, η, ρ))
detJ
< 0 (70)
∂
∂ρ
λs(δ, η, ρ) =
�����
ρ− η 0
−λs(δ, η, ρ)f ′′(ks(δ, η, ρ)) −λs(δ, η, ρ)
�����
/
detJ = −λ
s(δ, η, ρ)(ρ− η)
detJ > 0 (71)
4.2 cs(δ, η, ρ)΁ͷӨڹ
ఆৗঢ়ଶʹରԠ͢Δফඅਫ४ cs(δ, η, ρ)͸, ϞσϧͰ͸ӨʹӅΕͯ͠·͍ͬͯΔ͕ɺύϥϝʔλʔ η, ρͷม
Խʹ͍ͭͯ͸ɺ࣍ͷΑ͏ʹͯ͠஌Δ͜ͱ͕ग़དྷΔɻ
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͔͜͜Β CramerͷެࣜΛ࢖ͬͯɺύϥϝʔλ ͕ఆৗঢ়ଶʹ΋ͨΒ͢ӨڹΛධՁ͢Δɻ
∂
∂δ
ks(δ, η, ρ) =
�����
ks(δ, η, −c˜′(λ(t))
, η, ) 0
�����
/
detJ
= (c˜′(λ(t)))λs(δ, η, ρ)/detJ > 0 (63)
∂
∂δ
λs(δ, η, ρ) =
�����
ρ− η ks(δ, η, ρ)
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) λs(δ, η, ρ)
�����
/
det (64)
= (ρ− η)λs(δ, η, ρ) + ks(δ, η, λs(δ, ρ, η)f ′′(ks(δ, ρ, η))/detJ →ʢූ߸ෆఆʣ (65)
ಉ༷ʹͯ͠ (60)ͱ (61)Λ η ʹ͍ͭͯඍ෼͢Δͱ࣍ΛಘΔɻ
J ·
(
∂
∂ηk
s(δ, η, ρ)
∂
∂ηλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
0
)
(66)
͜ΕΛ༻͍ͯɺη ͕ఆৗঢ়ଶʹ༩͑ΔӨڹΛධՁ͢Δɻ
ks , ,
�����
ks(δ, η, ρ) −c˜′(λs(δ, η, ρ))
0 0
�����
/
detJ = 0 (67)
∂
∂η
λs(δ, η, ρ)
�
�
ρ− η ks(δ, η, ρ)
−λs(δ, η, ρ))f ′′(ks(δ, η, ρ))) 0
�����
/
detJ
−ks(δ, η, ρ)λs(δ, , ρ)f ′′(ks(δ, η, ρ)
detJ < 0 (68)
ಉ༷ͳखଓ͖Ͱɺύϥϝʔλʔ ρ͕ఆৗঢ়ଶʹٴ΅͢ӨڹΛݟΔ͜ͱ͕ग़དྷΔɻ(60)ͱ (61)ʹΑΓɺ࣍Λ
ಘΔɻ
J ·
(
∂
∂ρk
s(δ, η, ρ)
∂
∂ρλ
s(δ, η, ρ)
)
=
(
0
−λs(δ, η, ρ)
)
(69
͜ΕΒ͔Βɺ࣍Λಋग़Ͱ͖Δɻ
ks , ,
�����
0 −c˜′(λs(δ, η, ρ))
s , , 0
�����
/
detJ = −λ
s(δ, η, ρ)c˜′(λs(δ, η, ρ))
detJ
< 0 0
∂
∂ρ
λs(δ, η, ρ) =
�����
ρ− η 0
−λs(δ, η, ρ)f ′′(ks(δ, η, ρ)) −λs(δ, η, ρ)
�����
/
detJ = −λ
s(δ, η, ρ)(ρ− η)
detJ > 0 (71)
4.2 cs(δ, η, ρ)΁ͷӨڹ
ఆৗঢ়ଶʹରԠ͢Δফඅਫ४ cs(δ, η, ρ)͸, ϞσϧͰ͸ӨʹӅΕͯ͠·͍ͬͯΔ͕ɺύϥϝʔλʔ η, ρͷม
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同様な手続きで，パラメーターρが定常状
態に及ぼす影響を見ることが出来る。とに
より，次を得る。
͔͜͜Β CramerͷެࣜΛ࢖ͬͯɺύϥϝʔλ δ ͕ఆৗঢ়ଶʹ΋ͨΒ͢ӨڹΛධՁ͢Δɻ
∂
∂δ
ks(δ, η, ρ) =
�����
ks(δ, η, ρ) −c˜′(λ(t))
λs(δ, η, ρ) 0
�����
/
detJ
= (c˜′(λ(t)))λs(δ, η, ρ)/detJ > 0 (63)
∂
∂δ
λs(δ, η, ρ) =
�����
ρ− η ks(δ, η, ρ)
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) λs(δ, η, ρ)
�����
/
detJ (64)
= (ρ− η)λs(δ, η, ρ) + ks(δ, η, ρ)λs(δ, ρ, η)f ′′(ks(δ, ρ, η))/detJ →ʢූ߸ෆఆʣ (65)
ಉ༷ʹͯ͠ (60)ͱ (61)Λ η ʹ͍ͭͯඍ෼͢Δͱ࣍ΛಘΔɻ
J ·
(
∂
∂ηk
s(δ, η, ρ)
∂
∂ηλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
0
)
(66)
͜ΕΛ༻͍ͯɺη ͕ఆৗঢ়ଶʹ༩͑ΔӨڹΛධՁ͢Δɻ
∂
∂η
ks(δ, η, ρ) =
�����
ks(δ, η, ρ) −c˜′(λs(δ, η, ρ))
0 0
�����
/
detJ = 0 (67)
∂
∂η
λs(δ, η, ρ) =
�����
ρ− η ks(δ, η, ρ)
−λs(δ, η, ρ))f ′′(ks(δ, η, ρ))) 0
�����
/
detJ
= −k
s(δ, η, ρ)λs(δ, η, ρ)f ′′(ks(δ, η, ρ))
detJ < 0 (68)
ಉ༷ͳखଓ͖Ͱɺύϥϝʔλʔ ρ͕ఆৗঢ়ଶʹٴ΅͢ӨڹΛݟΔ͜ͱ͕ग़དྷΔɻ(60)ͱ (61)ʹΑΓɺ࣍Λ
ಘΔɻ
J ·
(
∂
∂ρk
s(δ, η, ρ)
∂
∂ρλ
s(δ, η, ρ)
)
=
(
0
−λs(δ, η, ρ)
)
(69)
͜ΕΒ͔Βɺ࣍Λಋग़Ͱ͖Δɻ
∂
∂ρ
ks(δ, η, ρ) =
�����
0 −c˜′(λs(δ, η, ρ))
−λs(δ, η, ρ) 0
�����
/
detJ = −λ
s(δ, η, ρ)c˜′(λs(δ, η, ρ))
detJ
< 0 (70)
∂
∂ρ
λs(δ, η, ρ) =
�����
ρ− η 0
−λs(δ, η, ρ)f ′′(ks(δ, η, ρ)) −λs(δ, η, ρ)
�����
/
detJ = −λ
s(δ, η, ρ)(ρ− η)
detJ > 0 (71)
4.2 cs(δ, η, ρ)΁ͷӨڹ
ఆৗঢ়ଶʹରԠ͢Δফඅਫ४ cs(δ, η, ρ)͸, ϞσϧͰ͸ӨʹӅΕͯ͠·͍ͬͯΔ͕ɺύϥϝʔλʔ η, ρͷม
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これらから，次を導出できる。
͔͜͜Β CramerͷެࣜΛ࢖ͬͯɺύϥϝʔλ δ ͕ఆৗঢ়ଶʹ΋ͨΒ͢ӨڹΛධՁ͢Δɻ
∂
∂δ
ks(δ, η, ρ) =
�����
ks(δ, η, ρ) −c˜′(λ(t))
λs(δ, η, ρ) 0
�����
/
detJ
= (c˜′(λ(t)))λs(δ, η, ρ)/detJ > 0 (63)
∂
∂δ
λs(δ, η, ρ) =
�����
ρ− η ks(δ, η, ρ)
−λs(δ, ρ, η)f ′′(ks(δ, ρ, η)) λs(δ, η, ρ)
�����
/
detJ (64)
= (ρ− η)λs(δ, η, ρ) + ks(δ, η, ρ)λs(δ, ρ, η)f ′′(ks(δ, ρ, η))/detJ →ʢූ߸ෆఆʣ (65)
ಉ༷ʹͯ͠ (60)ͱ (61)Λ η ʹ͍ͭͯඍ෼͢Δͱ࣍ΛಘΔɻ
J ·
(
∂
∂ηk
s(δ, η, ρ)
∂
∂ηλ
s(δ, η, ρ)
)
=
(
ks(δ, η, ρ)
0
)
(66)
͜ΕΛ༻͍ͯɺη ͕ఆৗঢ়ଶʹ༩͑ΔӨڹΛධՁ͢Δɻ
∂
∂η
ks(δ, η, ρ) =
�����
ks(δ, η, ρ) −c˜′(λs(δ, η, ρ))
0 0
�����
/
detJ = 0 (67)
∂
∂η
λs(δ, η, ρ) =
�����
ρ− η ks(δ, η, ρ)
−λs(δ, η, ρ))f ′′(ks(δ, η, ρ))) 0
�����
/
detJ
= −k
s(δ, η, ρ)λs(δ, η, ρ)f ′′(ks(δ, η, ρ))
detJ < 0 (68)
ಉ༷ͳखଓ͖Ͱɺύϥϝʔλʔ ρ͕ఆৗঢ়ଶʹٴ΅͢ӨڹΛݟΔ͜ͱ͕ग़དྷΔɻ(60)ͱ (61)ʹΑΓɺ࣍Λ
ಘΔɻ
J ·
(
∂
∂ρk
s(δ, η, ρ)
∂
∂ρλ
s(δ, η, ρ)
)
=
(
0
−λs(δ, η, ρ)
)
(69)
͜ΕΒ͔Βɺ࣍Λಋग़Ͱ͖Δɻ
∂
∂ρ
ks(δ, η, ρ) =
�����
0 −c˜′(λs(δ, η, ρ))
−λs(δ, η, ρ) 0
�����
/
detJ = −λ
s(δ, η, ρ)c˜′(λs(δ, η, ρ))
detJ
< 0 (70)
∂
∂ρ
λs(δ, η, ρ) =
�����
ρ− η 0
−λs(δ, η, ρ)f ′′(ks(δ, η, ρ)) −λs(δ, η, ρ)
�����
/
detJ = −λ
s(δ, η, ρ)(ρ− η)
detJ > 0 (71)
4.2 cs(δ, η, ρ)΁ͷӨڹ
ఆৗঢ়ଶʹରԠ͢Δফඅਫ४ cs(δ, η, ρ)͸, ϞσϧͰ͸ӨʹӅΕͯ͠·͍ͬͯΔ͕ɺύϥϝʔλʔ η, ρͷม
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͔͜͜Β CramerͷެࣜΛ࢖ͬͯɺύϥϝʔλ δ ͕ఆৗঢ়ଶʹ΋ͨΒ͢ӨڹΛධՁ͢Δɻ
∂
∂δ
ks(δ, η, ρ) =
�����
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4 . 2 　 cs（δ,η,ρ）への影響
定常状態に対応する消費水準 cs（δ,η,ρ）は, 
モデルでは影に隠れてしまっているが，パラ
メーターη,ρの変化については，次のように
して知ることが出来る。
と上の比較動学の結果より次を得る。
(44)ͱ্ͷൺֱಈֶͷ݁ՌΑΓ࣍ΛಘΔɻ
∂
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λs(δ, η, ρ) < 0 (73)
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5 　結びにかえて
本稿では，やや分析対象よりも手法に関心を
払い過ぎたきらいがある。しかしながら，この
ように，陰関数定理と包絡線定理をもちいて，
なおかつ直接的な操作変数（ここでは c（t））
のかわりに，shadow price を前面に出すこと
で，効用関数および生産関数というモデルの根
幹をなす関数の特定化を避けても分析が可能で
あるということは興味深い。
この手法が，技術革新やstochastic な条件を
考慮に入れたモデルでも有効であるかは，まだ
わからないところであるが，吟味して見る価値
はあるだろう。残された課題は多い。それらに
ついては，他日を期したい。
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